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Physics-Informed Neural Network (PINN) has emerged as a promising tool for solving various physical problems
with differential equations. However in practice, PINN often suffers from the local minima issue while solving
problems with minimal initial conditions. In this paper, we propose a robust Gated-PINN to address this issue,
which blends numerical methods and PINN. The Gated-PINN overcomes the local minima issue by controlling
the flow of information of the neural network similar to a numerical method. We first investigate the use of
conventional PINN to the Cartesian-coordinate simple pendulum problem with minimal initial conditions, as one
of basic differential algebraic equation (DAE) problem. Our results show the advantage of PINN over existing
numerical methods in that it does not require sophisticated mathematical techniques such as index reduction.
But we also observe that conventional PINN can lead to inaccurate solutions; such solutions partially satisfy the
differential equation requirement, but does not meet the given initial condition and fail to further improve. We
demonstrate the effectiveness of the proposed Gated-PINN by showing that it yields accurate solutions, such
that for a pendulum of length 1, the mean Euclidean error between the Gated-PINN model and the traditional
numerical method model is less than 0.01 and pointwise maximum Euclidean error is less than 0.04. Moreover,
Gated-PINN can operate without any complicated index reduction, and unlike conventional PINN, accurate
solution can be obtained consistently without falling into a local minima. Overall, our study presents the potential
of the Gated-PINN for solving DAE problems and provides a valuable insight into the challenges and limitations
of using PINN for solving physical problems.

1. Introduction: PINN and DAE While the application of PINN has mainly been focused on the prob-
lems involving PDEs, the general idea of PINN can be applied to a much
wider variety of problems with some mathematical structure embed-

ded inside. In particular, we put our attention on differential algebraic

Differential equations are ubiquitous in physics and engineering,
and their solutions often play a critical role in understanding the un-

derlying physical phenomena. Recently, physics-informed neural net-
works (PINN) have emerged as a powerful tool for solving differential
equations. PINN is a deep learning-based approach that combines the
flexibility of neural networks with the physical laws that govern the sys-
tem being modeled [24]. Unlike traditional numerical methods, PINN
does not require a grid or mesh to discretize the domain, making it par-
ticularly well-suited for problems with complex geometries. PINN has
shown great promise in solving various physical problems, such as hy-
perelasticity problems [23], inverse problems [8,19], thermal modeling
[3,5], power systems [20], civil engineering [29] and fluid dynamics
[28,15-17,30,25,9,26,32,10,31,13,4,14,6].

* Corresponding author.

equation (DAE). A DAE is a mixed system of differential and algebraic
equations with at least one unknown variable x that is purely algebraic.
DAE usually refers to problems with only one independent variable;
problems with more than one variable which partial derivatives are
taken with respect to are referred as partial differential algebraic equa-
tion (PDAE).

In general, DAEs are more challenging to solve than ODE. This is
due to an algebraic variable x in a DAE. Because x does not have a
differential relation, we cannot solve for dx/dt through algebraic ma-
nipulation, thus the typical numerical step process cannot be done on
x. As a consequence, many existing ODE solvers such as MATLAB often
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cannot solve a given DAE by its raw form; the user needs to manually
reduce the index of a DAE to make it feasible for the solver.

One of the main obstacles in solving a DAE is that this index re-
duction process is highly problem dependent, but is also essential for
numerical solving. This makes DAEs difficult to utilize for practical
applications. PINN on the other hand does not solve the problem by
derivatives, therefore it may not require derivatives of each specific
variable. This makes PINN an attractive candidate for index reduction-
free DAE solver. Recently there has been notable development on this
problem regarding power network-related DAEs [22], which the au-
thors utilized the Runge-Kutta time-stepping scheme-based PINN to
solve the problem. In this paper we study the performance of a con-
ventional PINN, which has the advantage of straightforward implemen-
tation and mesh-free nature, and the drawback of being susceptible to
stiffness in general.

In section 2, we provide the mathematical description of the Carte-
sian simple pendulum problem, and discuss the procedure of solving it
numerically. In section 3, we provide how the pendulum problem was
solved using a conventional PINN, and discuss why we did not get a
good result. In section 4, we introduce the idea of our Gated-PINN, and
apply it to the pendulum problem. We present a detailed assessment of
Gated-PINN in section 5.

2. The simple pendulum problem

A simple pendulum problem is typically described as an ODE for the
angle 0 of the pendulum against the vertical axis. However, we can also
describe this problem in a Cartesian coordinate system, where the pivot
of the pendulum is defined as the origin of the coordinate system. This
yields the following system of equations.

%(t) = A@1)x(t)
¥ =20y — g @
x()? + y(1)* = L?

x(t) is the x-coordinate of the pendulum at time #, y(¢) is the y-
coordinate of the pendulum at time #, A(f) is a Lagrange multiplier, and
L and g are constants representing the length of the pendulum and the
gravitational acceleration respectively. The second derivatives of x and
y make this equation second-order, and since 4 does not have a differ-
ential component, this is a DAE problem. More specifically, this is an
index-3 DAE problem, that is, we need to differentiate and manipulate
the components of this equation three times to transform this problem
into an ODE problem. For this example, differentiating the last equation
gives the following

xx+yy=0 (@3]
which makes the problem index-2. After another differentiation and
some algebraic manipulation, we get

L*A—gy+x>+3°=0 3)
which makes the problem index-1, and one more step of a similar pro-
cedure gives us

L?i—3gy=0 (€]

which finally gives us some information on the derivative of 1. Standard
numerical DAE solvers often require the problem to be index-1, so along
with order reduction, (1) needs to be written as follows:

x(1) = u(r) ¥ = ()

) = A()x(1) o) =ANy() - g 5
L2A—gy+u?+ 0> =0
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Fig. 1 illustrates the problem and shows the plot of x(7), y(¢), x(¥)
and y(t) numerically solved by MATLAB odel5 solver [27] using (5)
with L =g =1, y(0) = x(0) = y(0) =0 and x(0) = 1.

It turns out that the PINN approach on the pendulum problem is
both order and index invariant, that is, it can sufficiently approximate
the motion of the pendulum under any of the order-index version of
the problem. Fig. 2 shows that PINN is capable of solving the simple
pendulum regardless of the order or index of the formulation.

This result suggests that PINN does not require any nontrivial pro-
cedure to solve a given DAE problem. Granted, it does require some
procedures such as input-output normalization, but such a process can
be standardized [11]. While this observation shows that PINN can be an
attractive tool to solve general DAE problems, we have also observed
some of the fundamental downside of PINN as a member of the ma-
chine learning family; the local minima issue. In the following sections,
we will discuss how and why this problem occurs, and present our novel
method of resolving it.

3. Local minima issue on conventional PINN
3.1. PINN training failure on pendulum problem

The results in Fig. 2 were obtained using a traditional PINN with
standard multi-layer perceptron (MLP) structure. Specifically, we have
a single data point at t =0:

x(0)=1, y0)=x(0)=30)=40)=0 ©

and we want to forecast the motion of the pendulum for 0 <t < 10.
PINN using the order-1 version of DAE consists of an MLP with one-
input (7) and five (x, y,u, v, 1) outputs, with 8 hidden layers having 20
neurons each.
The loss function is split into initial loss and collocation loss:

Ly, =(x4(0) = x(0))?
Ly, = (up(0) — u(0))?

Ly, = (9(0) - y(0))
Ly, = (v5(0) — v(0))*

s @)
L;, = (49(0) — A(0))
Liyjg =Ly, + Ly + Ly + Ly + Ly,
N N
Ly= Y (o) —ugt)*  Ly= Y (p(t;) — 0(t;))?
i=1 i=1
N N
Ly= ) gt = Mt)x(t)*  Ly= Y (Upt)) = At)y(t;) + g)°
i=1 i=1 ®

N
Ls = Y (L2A(t) — gy(t;) +u(t)? + v(t)?)?
i=1
Ly+Ly+Ly+Ly+Ls
colloc — N
Collocation loss is computed over N = 1,000 collocation points (¢;),
uniformly sampled from 0 < < 10. Each term in L.,;,,. corresponds
to the DAE components described in (5). Ls in particular is specific
to the index-1 version of the problem; it can be replaced with (2) or
x% 4+ y? = L for index-2 and index-3 respectively.
PINN using the order-2 version of DAE consists of a similar MLP
but only has three outputs (x, y, 4). The loss function is also simplified
accordingly.

L

Ly, = (xp(0) = x(0))?
L, =((0)—A0)* L

Ly, = (y9(0) — ¥(0))*
:Lx0 +LY0 +L,10

9

init
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Pendulum Problem as Index 1 DAE

1.5

Fig. 1. Left: A simple pendulum described in Cartesian coordinates. Right: MATLAB odel5 solution of the simple pendulum.

PINN-Solved Pendulum Problem as Index 1 DAE
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PINN-Solved Pendulum Problem as Index 3 DAE
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PINN-Solved Pendulum Problem as Index 2 DAE

—_x

15

—Y

1.0

0.5

0.0

-0.5

4 6
Time (sec)

PINN-Solved Pendulum Problem as Index 3, Order 2 DAE
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Fig. 2. PINN solution of the Cartesian simple pendulum problem using different index and order version formula. Dotted points indicate the reference values obtained
from MATLAB solution. Order-2 formula (bottom right) is the most natural formulation (1), and unlike order-1 formula it only yields x(¢) and y(¢) of the pendulum

directly.
N N
L= Y Gt = AUDXU))®  Ly= ) (Fplt)) = A1) +8)°
i=1 i=1
N (10)
Li+Ly+ L,

2 2 _ 232

Ly= ;(xH(ti) +yp(t;)” — L) Leottor = N
Like before, L; is specific to the index-3 version of the problem.
Throughout the rest of the paper, unless otherwise specified, our PINN
structure will use a standard-weight loss function L = L,,;; + L y10c»

and Adam optimizer with learning rate of le — 3.

Fig. 2 shows that conventional PINN can solve the pendulum using
any of the loss functions described above. However, it turns out that the
training is not robust, even though the data is created noise-free. Fig. 3
shows different types of failed PINN training. The loss evolution graph
shows that the model tries to find some convergence, but after many
epochs the model is still far from the correct solution.

Each failed model results in the trained values stable for large ¢.
This suggests that PINN guesses the pendulum is at a steady state after
some time; in fact, our pendulum does have two steady state solutions
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Fig. 3. Loss evolution and trained pendulum model under different order-index settings. Other than the first experiment, conventional PINN struggles to escape from
local minima.
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at (x,y) =(0,+1). However, this convergence should not happen since
our model did not start from such state and is friction-free.

Also, this training failure happens quite often; we ran minimum
36 runs of conventional PINN training on different fixed Numpy and
Tensorflow random seeds, across different order and index version of
DAE loss function for the PINN structure. For each version, our train-
ing yields little more than 50% case of successful model, and no version
was able to produce more than 70% case of successful model. This ex-
periment suggests that the successfulness of pendulum training with
conventional PINN is dependent on the random seed and its related
random number generation, and this issue is independent from either
order or index of the problem.

We believe each of these failed training is the result of converg-
ing to a local minima, and want to avoid this issue. Maintaining the
minimal requirement is the key concept here; if we relax this condi-
tion, our problem can be easily solved by adding extra data points for
larger t. From our experiment, adding the condition y(r) < 0 also lead
to fully successful training; despite the existence of another steady state
solution at (x, y) = (0,—1), our model always yields the correct periodic
solution with this condition. However this too would be a forced ex-
tra condition that may cause problems for different initial conditions.
Our goal is to develop a modified PINN structure that is robust enough
to consistently solve the DAE without the index and order reductions,
while not adding any extra restrictions other than the essential condi-
tion a numerical method would require. Also, it is worth noting that
such a training issue is not limited to just DAEs; there have been studies
that shows conventional PINN training to struggle in different classes of
problems, and while many alternate methods have been proposed, their
performance varies over different problems [21].

3.2. Comparing numerical method and conventional PINN

It is important that we try to understand the difference between
numerical methods and PINN to find the solution to a given DAE, or any
initial value problem in general. For a numerical method, the estimated
function value at each point is dependent on the function value at the
previous point. Combined with the fact that numerical methods search
the solution recursively, the given initial condition of the problem is
guaranteed to have full influence throughout the domain.

PINN on the other hand work differently; it tries to find the func-
tion value over the entire domain simultaneously, while checking the
DAE restrictions at each collocation point. Unlike numerical method,
the initial condition (or any reference data point for that matter) does
not have a direct impact on estimating function values at future points,
and its influence diminishes further on. Due to these characteristics, at
the early stages of epochs and for large values of ¢, PINN will fit the
model to a stable state. And as the epoch advances, the model will trap
itself further into a local minima, and the initial condition will not have
strong enough influence to dig the model out from it.

One idea to deal with this issue would be weight adjustment be-
tween initial loss (9) and collocation loss (10). By giving higher weight
on L;,;,, we can emphasize the importance of the initial condition and
hope that it will carry further into the time domain. But there are two
problems; in practice, this idea would make the model vulnerable to
noise in data measurement [1], and more importantly, even with the
emphasis on the initial condition, its influence seems to quickly disap-
pear as time domain advances. We ran experiments with this idea of
weight adjustment, and the results suggested that it can only temporar-
ily drive the model to the right direction, but not throughout the time
domain.

Although the weight adjustment did not solve our issue, it did give
us an idea; if f is the solution to a given initial value problem and f(7)
is to be estimated by PINN, f(s) for s < ¢t must have sufficient influence
on training f(¢) while not letting the vice versa to happen. In the next
section, we represent Gated-PINN, our new PINN model to implement
this idea.

Results in Engineering 21 (2024) 101931

4. Proposal of Gated-PINN
4.1. Idea and algorithm

Suppose Fy(t) = [x,(t), yo(1), 29()] is our PINN for training the pen-
dulum model (1). If F(¢) is the true solution, we have so far observed
the following two properties.

1. If F(ty) is given as a known data point, Fy(¢) trains well in the
neighborhood of #,.

2. If F, is initialized close enough to F', PINN is more likely to con-
verge to the correct global minima.

The local minima issue described in section 3 occurs when F ini-
tially fits to a piecewise blend of the correct solution near ¢t =0 and an
incorrect steady-state solution far from ¢ = 0. This causes the function
distance d(Fj, F) to be too large for PINN to correctly converge.

Our strategy is to utilize this piecewise characteristic. If we fix
t; < 10 and define a temporary domain 7 = [0,#,] that is a subset of
our full domain T" = [0, 10], the function distance d( F‘9|T1 , F |T1) would
be smaller than d(F,, F), even after normalizing it by the length of
respective domain. If ¢, is sufficiently small, PINN can accurately ap-
proximate Fy by the first property. Also, if F, is well-trained on T;, it
can serve as a good initialization for training F, on a slightly increased
domain T;,,, so F, can be accurately extended to T;,, by the second
property. Finally by continuing this process, PINN can recursively train
F, until it is trained on the full domain 7.

The procedure of our Gated-PINN is further described in Algo-
rithm 1. Fig. 4 illustrates a rough sketch of how Gated-PINN would
train a Cartesian simple pendulum model.

Algorithm 1 Gated-PINN for DAE
1: DAE time domain T =[0,1,,,], DAE equations 7, Initial condition I
2: G-PINN surrogate MLP F, Set of Collocation Points R, PINN Hyperparam-
eter Set H

3: Initial domain indicator #,, Phase Epoch sequence N, N,, N;

4: T < [0,1]

5: fori=1to N, + N, + N5 do

6: L, < Initial condition error on I

7: L.,;10 < DAE collocation error on ¥, R

8 if i < N, then > Phase 1
9: L« SSE(L;,;) + MSE(1y, - L,y

10: else if i < N, + N, then > Phase 2
11: T; < [0,y + (t,y0 —t0) * (i = N1)/ N, ]

12: L« SSE(Ljy;)+MSEQy - Lyy,.)

13: else > Phase 3
14: L« SSE(L;,;)+MSE(L,,;,.)

15: end if

16: Update F,

17: end for

We add some comment on the Gated-PINN.

1. Gated-PINN works similarly to numerical methods, in a sense that
the estimation of F(¢) occurs numerically.

2. Unlike numerical methods in which the error accumulates as we
propagate along the domain, Gated-PINN continues to fit Fy simul-
taneously over the domain of interest, so the estimation error can
be retrospectively corrected.

3. The initial domain 7| need not be too small. In fact, a larger T;
(that can consistently find accurate F9|T1) yields a better initial
surrogate for the rest of the training process.

1 By close enough, we mean the L? distance between functions being small,
but for our purpose the criterion need not be so rigorous and we will not go
into further details.
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T+ (nitial Training)

-

T: (Current Training)

Tt (Next Training)

T (Final Training)

Fig. 4. Graphical idea of Gated-PINN training process. The gate initially opens for 7, then gradually widens as PINN focuses training the model for the currently

open domain.

4. During the second phase, when F; trains on a restricted domain
T;, the process would likely affect the function value outside of T;.
So to preserve the already trained portion of Fy, it is essential that
T, C Ty

5. We used linear factor (i — N;)/N, to increase training do-
main for the second phase; a concave increasing factor such as
\/(i—N;)/N, can be used instead to allow longer training time
for larger domain.

6. N; is the number of epoch which F, trains similarly to a con-
ventional PINN. Some conventional MLP hyperparameters may be
adjusted specifically for this stage.

4.2. Related works

The idea of applying numerical time-step principle on PINN has been
studied before. Backward compatible PINN (bc-PINN) [18] initially runs
PINN only on the early portion of the time domain, samples some points
from the trained domain, then trains on the next portion from the trans-
ferred model, using the previously sampled points as data guide. One
possible issue with be-PINN is that at any stage of training, bc-PINN
only focuses on the governing physics constraint at the particular por-
tion of the domain; although the newly sampled points serve as a guide
to preserve the training on previous sections, the physics structure on
those sections is ignored and could be distorted during the latter stage
of training.

The improved backward compatible PINN (ibc-PINN) [12] addresses
this issue by keeping a separate neural network model on each par-
tial section of PINN training. They pointed out that each sub-model is
likely to be most accurate on the particular domain where the governing
physics information was considered, so each intermediate guide data
sampling comes from its corresponding sub-model. The final trained
model is also represented as piecewise combination of partially trained
sub-models. While ibc-PINN clearly has an advantage over bc-PINN in
training accuracy, the drawback of this method is that the overall model

size grows proportionally as the number of time subsections increases,
so it is difficult to divide the time domain into too many subsections.

Unlike the above two methods which split the time domain into dis-
joint intervals, the pre-training PINN (PT-PINN) [7] approach is similar
to our G-PINN approach as it use an expanding time interval. The initial
training and point sampling are similar to those of bc-PINN, but unlike
bc-PINN, the governing physics constraints monitored at the early time
interval are continuously monitored throughout the latter part of train-
ing process. PT-PINN also uses a resampling strategy on the collocation
points to avoid local minima.

The fundamental difference between these works and G-PINN is the
goal of its design. The above three methods, as well as other modi-
fied PINN methods primarily focus on the solvability, accuracy, and
training efficiency. Our work instead focuses on the robustness of the
method. While we develop a time-step modified method from conven-
tional PINN, we avoid any modification that could potentially pull the
model away from the correct training trajectory, which is why G-PINN
uses an expanding time interval instead of disjoint time interval for
collocation error monitoring. Also, G-PINN does not sample any data
points for supervision; although accurate supervision data points greatly
stabilize the robustness of the training, the risk of generating bad super-
vision data points from premature pre-training cannot be ignored. It is
also worth mentioning that fixing supervision data points makes the
PINN structure unable to retrospectively correct the estimation error at
a later stage; either a resampling strategy (as utilized in PT-PINN) or no
additional sampling at all (as utilized in G-PINN) is needed to solve this
issue. Finally, each of the above methods takes a relatively large dis-
crete time step for implementation; if [0, 7] is the time domain of the
interest, the time sequence 0 =1,,1;,...7;, =T is set such that k < 10.
G-PINN, in contrast, as described in Algorithm 1, expands the time do-
main linearly from [0, ;] and the maximum index k is in thousands. This
is due to our observation that when a large chunk of new collocation
points is introduced at once, the training process becomes unstable and
could fail. Gradually adding small number of new collocation points can
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A 5-subinterval time-marching PINN method, failed model

4 _ 6 8 10
Time (sec)

Fig. 5. A failed pendulum model with time-marching PINN training with 5 subintervals. The model was initially trained on time interval [0, 2], then subsequently
expanded to [0,4],[0, 6], [0, 8] and [0, 10]. The loss evolution graph suggests that adding large chunk of interval makes the training temporarily unstable, and by the
expansion to [0, 8] the model falls into local minima. xmat and ymat are the reference MATLAB solutions.

relatively stabilize the training process. The training stability difference
between small and large values of k is displayed in Fig. 5 and Fig. 6.

4.3. Gated-PINN on Cartesian pendulum problem

We used Gated-PINN on the order-2 index-3 simple pendulum model
(1), with 36 different random seeds tested on. The overall MLP struc-
ture is the same as the one used in section 3.1. Unlike conventional
PINN, we were able to get successful training on each of the random
seeds. When initial domain 7 is set to [0,2], the initialized model after
training on 7| shows different tail behavior for different seeds. Despite
that, Gated-PINN is able to train each case to the desired global minima.
As for the training time, because we do not update the set of colloca-
tion points R along the progression of T; and instead use a masking
factor 17, to limit the contribution of L., the training time across
all phases is consistent per epoch. Using Nvidia Tesla V100 GPU, Ten-
sorflow 2.10 and Float32 data type, the training time is approximately
0.0082 seconds per epoch. We comment that updating the set of collo-
cation points itself (update R; as T; progress) may improve the overall
computation time, as the earlier stage of training would account for a
smaller number of collocation points to compute.

Fig. 6 shows the initial, intermediate, and final pendulum models
trained by G-PINN, the loss evolution, and the comparison with the FDM
MATLAB solution. As expected, the absolute difference between the two
methods increases as ¢ increases. The pointwise difference pattern can
be understood from how the G-PINN model evolves over phase 3 of the
training, where the period of the pattern was initially overestimated and
slowly decrease to the correct period. Also, the loss evolution suggests
that G-PINN model was still under the converging process, therefore
it can be easily further improved by further training and learning rate
adjustment.

5. Assessment of Gated-PINN

To further investigate the performance of G-PINN, we implemented
Algorithm 1 with two hyperparameters for G-PINN. N is the training
epochs coefficient, such that Ny + N, =10- N and N3 =5- N, so there
will be 15 - N overall training epochs. p is the coefficient that splits
phase 1 and 2. p portion of 10N epochs will be on phase 1, which will
train our model on the initial portion T, the first p portion of the whole
domain. For the remaining (1 — p) portion of the 10N epochs, 7; will
uniformly increase from 7, to T by each epoch.

For example, on our pendulum problem, if N = 1000 and p=0.1,
we first train the model for 1000 epochs on the domain T = [0, 1]. The
training continues with expanding domain 7}, =[0,¢; + 0.001] for the

next 9000 epochs, and the model will go through final phase of training
on T = [0, 10] for 5000 epochs.

To define a successfully trained model, we compare the model F,
yielded by G-PINN and the model F,, computed from MATLAB. As
shown in Fig. 6, we take the absolute point-wise difference, and choose
the maximum value as our error.
Err=max <max|F9(t)—FM(t)|> 11

xy \ teT

If Err < 0.1, we accept the model as a successfully trained model.
At such a range, the graphs of F, and F), mostly agree, and F), is un-
likely to bounce out to an incorrect local minima. We also comment that
we mostly get Err < 0.05 for successful models, and the model can be
additionally trained for further accuracy, but Err value will generally
saturate at around 0.03.

For each pair of N and p, we train G-PINN for 36 different random
seeds and count the number of successful trainings. Also, to see the
effect of learning rate, we run the whole set of experiment under three
different learning rate schemes; for phase 1 and 2, we train our model
with learning rate le — 2, le — 3, le — 4 respectively, and for phase 3 we
reduce the learning rate to le — 3, le — 4, le — 5 respectively.

Fig. 7 shows the heatmap of our experimental results. Under the
right learning rate, G-PINN can consistently train the correct model as
long as 7 is less than half of T and we run a sufficiently many numbers
of epochs (75,000 total). When p is close to 1, the result is similar to
learning on a conventional PINN; models under certain random seeds
converge to the correct model fast, but models with other random seeds
fall into local minima and do not recover.

We add some discussions regarding traditional MLP hyperparame-
ters and order/index version of this experiment.

1. The effect of learning rate for G-PINN is similar to that of a tra-
ditional deep learning MLP. If the rate is too high, the model does
not converge. If the rate is too low, the learning process takes much
longer to train or can fall into a local minima. Fig. 7 shows that the
le — 3 — le — 4 learning rate setting is the optimal setting; for the
le —4 — le — 5 setting, some models take longer training epochs
(N > 8000) to converge and some models even fail to escape from
a local minima.

. Adding more layers or node per layer does not affect the training
robustness or model accuracy. We have conducted similar exper-
iment with 12 layers instead of 8, as well as 30 nodes per layer
instead of 20, particularly with p =0.2 and N = 6000. For both
cases, the successful training rate was 100%, but the average Err
value (0.0319,0.0317 respectively) was within the standard devia-
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Fig. 6. Top: Pendulum model F, after the first two phases of training respectively. Middle: Training procedure of third phase of G-PINN along with MATLAB solution.
Bottom Left: Evolution of loss value. N| = 10,000, N, = 50,000 and learning rate /r = le — 3 for the first two phases, N3 =25,000 and /r = le — 4 for the third phase.
Bottom Right: Absolute difference between Fy(¢) obtained by G-PINN and F,,(f) obtained by MATLAB.

tion (0.0027) of the base model (8 layers, 20 nodes each) results
(0.0310). Due to the expanded MLP structure, the training time is
0.0139 seconds per epochs for the 12 layer model, and 0.0105 sec-
onds per epochs for the 30 nodes-per-layer model.

. We can apply G-PINN to the order-1 version of the pendulum

problem. Similar experiments show that order-1, index-3 version
takes more training epochs (N > 8000) to consistently converge,
but the average Err value among successfully trained model was
slightly better (0.0281) compared to the order-2 version. This could
be due to the fact that the PINN training of the order-1 version
only requires first-order automatic differentiation, which makes the
overall model less prone to computation error [2]. The index-2 ver-
sion model also converges consistently but takes even more training
epochs (N > 12000), and has a worse average Err value (0.0417).

4.

The index-1 version model in particular struggles to consistently
converge even with N > 20000. We do not have a clear explanation
to this; one possible mathematical reasoning could be the fact that
it takes differentiation and numerous algebraic manipulations for
index reduction, and the transition from a higher index equation to
a lower index equation might have lost some crucial information
during the differentiation process.

6. Conclusion

One of the values we expected from PINN in solving differential

equations and general mathematical problems is how it approaches the
problem differently from existing numerical methods. We were able to
observe such a characteristic by solving a DAE without any preprocess
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Fig. 7. Heatmap of successful G-PINN training probability by learning rate, training speed and initial gate portion.

of index or order reduction. However, a conventional PINN also has its
limitation of not being able to consistently train a correct model, even
for a fairly elementary problem such as a simple pendulum.

Similar to the early development of deep neural networks, we need
modifications to the PINN structure in order to obtain robust applica-
bility. We believe that our Gated-PINN can serve as a fundamental step
in that direction.

Although this paper focuses on problems with a one-dimensional do-
main, we think our idea of a training method can be extended to PINN
on a multi-dimensional domain by increasing the training domain from
data validation points near the boundary to those further away. In the
future, we aim to implement this idea for relevant partial differential
equations.
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