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Abstract

Efficient encoding of classical data into quantum state—currently referred to as quantum encoding—holds
crucial significance in quantum computation. For finite-size databases and qubit registers, a common
strategy of the quantum encoding entails establishing a classical mapping that correlates machine-
recognizable data addresses with qubit indices that are subsequently superposed. Herein, the most
imperative lies in casting an algorithm for generating the superposition of any given number of qubit indices.
This algorithm is formally known as quantum superposing algorithm. In this work, we present an efficient
quantum superposing algorithm, affirming its effectiveness and superior computational performancein a
practical quantum encoding scenario. Our theoretical and numerical analyses demonstrate a substantial
enhancement in computational efficiency compared to existing algorithms. Notably, our algorithm has a
maximum of 21 — 3 controlled-not (CNOT) counts, representing the most optimized result to date.

1. Introduction

The primary challenge for developing quantum computing algorithms lies in establishing a strong theoretical
proof of quantum computational speedup [1]. However, the absence of a robust assumption regarding quantum
superposed data hinders the claim of realizing the proved quantum computational speedup, necessitating
careful consideration [2—4]. Thus, contemporary focus extends beyond the theoretical proofs to evaluating the
practical feasibility of the demonstrated quantum speedups throughout the entire computing process. In
particular, the topic recently emerged as significant is, ‘How can we efficiently prepare a quantum superposition
of a substantial volume of data?’ or equivalently, ‘How can the computational overhead associated with data
superposition be optimized without compromising the speedup achieved in the main computation?’ [5-8]. This
issue is of particular significance in the field of quantum machine learning (QML) [9-13].

In a general context, data is presented in a user-friendly format, comprising quantities that are inherently
incomputable. However, for machine access, the data requires translation into machine-recognizable addresses.
The conventional assumption posits that each machine-recognizable address is mapped to a bit string [14]. In
quantum computation, these bit strings must undergo the quantum superposition to utilize quantum
parallelism effectively. Facilitating this process necessitates a quantum superposing algorithm designed to create
aquantum superposition of bit strings. The development and implementation of such an efficient algorithm is
computationally hard, because it must consistently operate for an arbitrary number of data. Distinguishing this
problem from the simple (textbook) example of creating N = 2" superposition states with n Hadamard gates is
important (see CASE Iin table 1) [7, 15-17]°.

One might consider achieving a 2" superposition state using additional qubit registers and dummy data with the Hadamard gates.
However, this approach does not contribute effectively to overall quantum computing tasks, particularly in the context of quantum data
access and/or encoding (for example, see [18]).

© 2024 The Author(s). Published by IOP Publishing Ltd
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Table 1. Given N = 2°M, we classify the five cases and analyze the number of CNOTSs for each specific case (see the main text for details).

CASE N=2'M Employing gates Number of CNOTs (=g + m — 3forg > 2)
I N=2"(M=1) A 0(g=1)

I N=2"'4+1(N=M) G, zero-cH n—1

111 N=2"—1(N=M) G, G, zero-cH 2n—3

v E=0,M=1(N=M) G, c@,zero—cﬁ 2n-—4

A% EZT(N= 2°M) G, G, zero-cH <2n-5

In this work, our focus is on the development of an efficient quantum superposing algorithm tailored for a
practical quantum data encoding scenario. To elucidate the problem, let us consider a scenario of encoding an
arbitrarily given number, say N, of the bit strings into a quantum state [19]

1) = > qli), ¢))

jeB

where q; are quantum amplitudes, j denotes an n-bit string, i.e., j = joj; -** ju—1 (jx € {0, 1}),and n = [log, N'],
which is smaller than or equal to the total size of the qubit register in an implementing quantum machine. The
set Bcomprises j’'s mapped to the addresses of actual data, with | B| denoting the cardinality of B, i.e., N. Here, we
set o = % for all j corresponding to the bit strings of the consecutive numbers from 0 to N — 1. This problem
setting is commonly encountered, for example, in quantum data search [20-23] and various QML tasks

[9, 11, 12]. In such a scenario, we present an efficient quantum superposing algorithm. Our presented algorithm
exhibits a controlled-not (CNOT) complexity of O(n), specifically with a maximum of 2n — 3 CNOT counts,
which is the most optimized results so far’ [25, 26]. Such a reduction in computational cost is attributed to
algorithmic optimizations, without relying on multi-controlled gates such as n-Toffoli gates [27]. The superior
efficiency of our algorithm is substantiated through rigorous theoretical and numerical analyses, promising an
overall enhancement in quantum encoding efficiency.

2. Data encoding and superposing algorithm

2.1.Encoding data into equal superposition
Encoding refers to the process of mapping data or information into specific patterns. In quantum computation,
this entails mapping data into a quantum state, such that":

data: D — data —encoded quantum state: |)(D)). )

This process is currently referred to as ‘quantum encoding’ [5, 28—30]. While various quantum encoding
methods exist, here we present a framework specifically designed for generating an equal superposition of data,
with a clear distinction between classical and quantum components. The classical aspect handles the user-
intuitive data access, assuming the full utilization of existing classical data-processing techniques. Meanwhile,
the quantum component is responsible for producing a quantum superposed state with finite-sized, say =, qubit
registers and a quantum superposing algorithm.

In this framework, the quantum encoding steps are as follows: (i) Start with a data D of size N, where each
element has an intrinsic and classical-accessible address ¢ € C (D). Here, C (D) denotes a set of the addresses
mediating the data D. (ii) Create a set Bwith the number N of bit-string indices, mapping each index to an
address c. While there are N/potential mappings, only one such mapping is selected arbitrarily. This mapping,
denoted as M, is one-to-one and bidirectional: i.e.,

M:ce CD)«~ beB, 3)

where b denotes a binary element of B. Here, we note that M does not function as a conventional look-up-table
(LUT) that is commonly utilized to alleviate the computational load by retrieving the pre-computed results. M
is maintained until the main quantum computing task is completed. These two steps (i)-(ii) are managed by the
classical system. Subsequently, (11, B) is delivered to the quantum part, where n = [ log, N ] (iii) In the quantum
component, the quantum superposing algorithm is executed to generate a superposition state of the bit-string
indices in B. Thus, our data encoding scheme can be described as follows:

4 Notably, a recently proposed algorithm achieves a T-count of O (n + log %) for a fault-tolerant quantum computation with a success
probability of 1 — & however, an unavoidable error € and an approximate execution mode (see section ITI-D in [24])

8 The upper tilde denotes ‘data structure,” which should be distinguished from ‘set.”
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Figure 1. Data encoding schematic. (a) Given a dataset of N data items, a set B of the sequential binary indices is first defined. Here,

|B| = N and n = [log, N']. This construction leads to a mapping M that ‘arbitrarily’ connects the address of the allocated data with
the indices in B. (b) Subsequently, a superposing algorithm is employed to prepare a superposition state involving the indices extracted
from B. To illustrate this process, a straightforward example using the data D = [Q|U|A|N|T|U|M] is depicted in (a). For more
details, refer to the main text.

D— (LNzua), M). 4)

beB

The efficiency of this scheme can be analyzed based on the computational complexity of the quantum
superposing algorithm (see figure 1). To understand better, let us consider a data D with N = 7, such as

D = [QIUIAIN|T|UM]. (€)

In the classical system, these alphabet characters can be allocated with the addresses:
C = [colalalesleales|e]. (6)
Accordingly, we can set up the bit-string indices:

B = {000, 001, 010, 011, 100, 101, 110} )

withn = [log,7] = 3. The mapping M between Band C(D) is formed, arbitrarily, such that
(000’: ), (‘001’: ¢3), (010’: ¢4), (O11: cp), (‘100’: c5), (‘101°: cg), (‘110: @). (8)
Using this setup, the quantum superposing algorithm generates the quantum state as

%qoom +1001) 4 |010) + [011) + |100) + [101) + |110)). )

This framework has been implicitly utilized and offers advantages through a distinct separation between
classical and quantum components. Specifically, it affords flexibility in utilizing data based on computational
requirements. For tasks efficiently handled by classical computers alone, computations can proceed using steps
(i) and (ii). When quantum computing is required, step (iii) can be invoked to activate the quantum superposing
algorithm. This perspective aligns well with classical-quantum hybrid computing. Notably, in this scenario,
accessing the actual data during quantum computation is unnecessary, and it can enhance both data integrity
[31]and security [32, 33].

2.2. Quantum superposing algorithm

Now, we present our quantum superposing algorithm. Diverging from previous approaches employing
resource-intensive multi-controlled gates, our algorithm incorporates only four types of quantum gates:
Hadamard H, zero-controlled- H (denoted zero-cH’), G( p) controlled-G ( p) (denoted ‘c G( p)). The single-

qubit Hadamard H creates the superposition state %(|0> + (—1)/|1)) for the input | j). The zero-cH performs

the Hadamard H on the target qubit if the control qubit is in the state |0). Here, G( p) is defined as follows (for
0<p< )[7,34,35]:
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(10)

R . —J1 -
G(p)Ry(Zcosl(ﬁ))[ i p}

N

where R, () is a y-rotating operation with the angle of 6. We note that G (%) |0) = H|0),and G (%) is equivalent
to H for the input | 0). The ¢G(p) performs G( p) on the target qubit conditioned on the control qubit being in
the state | 1).

Our algorithm starts with N as input. As the output, the algorithm provides the quantum circuit for
preparing the state,

[y = J_Zh (11)

jeB

wherej =joj; -+ ju_1 Gk € {0, 1}) is the sequential binary indices from 00...0 and | B| = N. The overall process
of our algorithm is as follows (see algorithm 1). Given #n = [ log,(N) |, the qubit register to be used is assigned as
ql01,g[1], --- , g[n — 1]. The state of the register g[k] is initialized to |0) forallk = 0, 1,...,n — 1. Here, note thata
given arbitrary N can be represented as 2°M, where 0 < £ < nand M is odd. With such a representation

N = 2°M, the number ¢ of Hadamard gates, i.e., H “¢ canbe employed to generate a superposition,

1
—=(10) + [1))**. (12)
=
Weapply H “* to the registers from g[n — €] to g[n — 1]. The remaining task is to prepare the state, named the
‘odd-number superposed state’, as follows (for M = 1):

(13)
J_ %; i),
wherej = joji -+ ju—e—1 (ji € {0, 1}) refers to the binary indices from 0...0 and | B’| = M. This state is generated
in the registers q[0], g[1],..., g[n — £ — 1]. The sub-process for preparing the odd-number superposed state is
delineated in algorithm 2. The majority of the computational cost of the algorithm is concentrated in this sub-
process, rendering algorithm 2 the central component of the overall algorithm. The algorithm is completed by
combining the states in all qubit registers, such that

1Y) —=(0) + [1)*=. (14)

. 1
- \/_ng;l \/E

Algorithm 1. Overall frame.

Input: N

Output: Circuit for preparing ﬁzje sl

1: Calculate n = [ log, N ]

2:Factor Nas 2°M (0 < &€ < nand Misodd)
3: Assign the qubit registers q[0], q[1], ---, q[n — 1].
4: Initialize all qubit registers to be in |0).
5f € > 1

6: for k — 1to&do
7: Apply Hypu-1
8: end if
9:end if

10:if £ = 0 then

11: Goto Algorithm 2.

12: endif

> (Aq[-J’ denotes a gate A appliedin g[-]

Now, we delve into the details of algorithm 2. This process is constructed using three types of gates: G (p),
¢G(p), and zero-cH gates; the single-qubit Hadamard gate H is dispensable. The odd number M is represented
in the following form:

M =2k 4 2kip o 2k 4, (15)

whereky > k; > -+ > k,_, >0and m = [log, M. The gates, i.e., G (p), cé(p), and zero-cH, are applied to the
registers g[0], q[1], ..., g[n — & — 1]. Firstly, the single-qubit gate G ( p,) isapplied to the register g[0], where the

4
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ki N
parameter py is determined as p, = % Following this, the cG (p;) gates are implemented. Herein, the
parameters, p; (1 < j < g — 2),are setas

-1\t
p = zkj(M -3 zkz) , (16)

=1

and the control and target qubits are selected by the following rule:

A {Control: qlm — kji_, — 1],

<G(p)

Target: g[m — k; — 1], an
with the value ofA k;being derived from equation (15). Finally, the zero- cH gates are applied as follows: (i)
Initially, zero-cH gates with g[m — k,_, — 1] as the control qubitand g[m — k —2+jlas the target qubit are
successively applied, incrementingj from 0 to k,_, — 1. (i) Subsequently, zero-cH gates with the control qubit
glm — kj_, — 1]and target qubit g[# — k; — [] are incorporated into the algorithm circuit, increasing / from 1 to
ki_1 — k;. This step (ii) is iteratively performed, commencing with j = ¢ — 2 and progressing down to j = 1.

Algorithm 2. Process for generating the odd-number superposed state.

Input: M
Output: Circuit for preparing ﬁzj cpli)
1: Calculate m = [log, M|

2:Expressas M = 2F0 + 2hi oo 42k2 4 1 (kg > k> ... > kg p > 0)
k

A . 0
3: Apply G(Po)q[o] with p, = Zﬁ
4:fori«— 1tog — 2do

5 60.=m—ki_1— landﬁz:m—kli—l

. A owith p, — — 2
6: Apply ¢G (P)gieqis0 With p; = —— SEYS
7: end for

8 forj«—Otoky ,—1

9B =m—ky,—land By =m — ke 5+ j
10: Applyzero»cﬁq[ﬁ(],q[gt]

11: end for

12:for j «— g — 2downto 1do

13forl «+ 1tokj_, — k;do

14: fe=m— ki1 — land By =m — k;j — I
15: Apply zero-c Hy 5,416,

16: end for

17: end for

>‘q[6.] and ‘q[3,] denote the control and target qubits.

3. Analysis

The CNOT gate plays a crucial role as one of the universal gates for entanglement creation, yet its ready
availability and reliability in a quantum circuit are not guaranteed. Moreover, CNOT gates are more error-prone
than other single-qubit gates. For these reasons, counting the number of CNOT gates has become a valuable
metric for assessing the efficiency of quantum circuits or algorithms, referred to as ‘CNOT complexity’

[19, 36, 37]. In our analysis, we thus employ CNOT complexity to evaluate the performance of our quantum
superposing algorithm.

Our algorithm primarily utilizes two distinct two-qubit gates: the zero-cH gate and c¢G (p) gate. To start the
analysis, we present an efficient gate decomposition where both the zero-cH gate and ¢G (p) gate are realized
using only one CNOT gate, as illustrated in figures 2(a) and (b). Executing either the zero-cH gate or ¢G (p) can
thus be treated as a single use of CNOT. Here, it should be indicated that this cG ( p) gate implementation, using
only asingle CNOT, is effective when the target input is in |0) state. While this implementation is not universally
applicable, it is the most optimized for our algorithm. Actually, it contributes to a reduction in the overall
number of required CNOT gates’. Therefore, the CNOT complexity of our algorithm is contingent on
algorithm 2. Within our algorithm, a maximum of n — 2 ¢G (p) gates and a maximum of n — 1 zero-cH gates
can be applied, as evident from the “for loops’ in algorithm 2.

® This results in a reduction of the required number of CNOT gates by up to approximately 50% in the case of ¢G compared with the
previous method.




10P Publishing

Phys. Scr. 99 (2024) 115110 JKim et al

0) 0)—{ Ry(n/4) [ Ri(-m/4) [~

—

0)— G(p) = 10) — Ry(sin* y/p)

Ry(—sin" VP

Figure 2. Decompositions of the two-qubit gates: (a) zero-cH and (b) ¢G (p). The decompositions use only one CNOT gate with the
input of the target qubit being |0).

Continuing the analysis, we generalize the form of N'in terms of M based on the computational efficiency
demonstrated by our algorithm, we generalize the types of N. Subsequently, we categorize different cases of N
and delve into detailed descriptions of the number of CNOTs required to execute our algorithm for each specific
case. This approach is the most intuitive and effective way to understand the mechanism of our algorithm and to
handle the problem of preparing an equal-superposition state in the simplest manner. The result of our analysis
is presented in table 1. The first case corresponds to situations where the desired superposition state can be
generated solely using Hadamard gates, i.e., H " This case is straightforward and uncomplicated. Proceeding
with the second case, our superposing algorithm can be implemented using only two types of gates: G and zero-
cH. Among the cases involving odd N, this is the simplest scenario. The remaining cases necessitate all three
types of gates: G, ¢G, and zero-cH, demanding a higher number of CNOTS. Based on these categorizations, we
can conclusively provide the CNOT count for our proposed algorithm as follows:

Result 1. Given arbitrary Nand ¢ > 2, the number of CNOT gates required in our superposing algorithm is
g + m — 3, where gisidentified from equation (15) and m = [log, M|. When g = 1, implementing the CNOT
gate is unnecessary.

To confirm this result, let us first characterize the Hamming weight (i.e., the number of 1’s) of the binary-
represented N. We can present the proof and analyses of Result 1 in a structured and coherent manner as follows:

(i) When N has a Hamming weight of 1, the circuit can be designed exclusively with the Hadamard gates,
resulting in zero CNOT gates.—CASE L.

(if) If Nhasa Hamming weight of2 and £ =0, G(p) and zero-cH gates are utilized to implement the algorithm.
In this case, only zero-cH gates are counted as 2-qubit gates, leading toa CNOT count of  — 1.—CASE L

(iii) When N has a Hamming weight of 1, we require n — 2 ¢G(p) gates and n — 1 zero-cH gates, resulting in a
total CNOT count of 2n — 3.—CASEII1.

(iv) For odd N with a Hamming weight g (excluding the case where N has a Hamming weight of 1 or 2), the total
count is g 4 n — 3; specifically, the numbers of ¢G (p) and zero-cH gates are g — 2and n — 1, respectively.
Here, since gisless than n — 1, atotal CNOT count less than 2n — 4.—CASE IV.

(v) When N is even and has a Hamming weight 2 or greater than 2, there is at least one H. The CNOT count is
thus g + m — 3 thatisless than 2n — 5.—CASE V.

Based on analyses (i) through (v), it is evident that the required numbers of ¢G (p) and zero-cH gates are g — 2
and m — 1, respectively. Therefore, the CNOT count of our algorithm is g + m — 3, confirming the Result 1.
Notably, CASE III demands the highest count of CNOT gates. Consequently, the total number of CNOT gates
employed in our algorithm does not exceed 21 — 3. This result shows the improvement compared to [25] and is
consistent with the very recent result in [26]. However, note that our approach is more efficient than as we can
implement the cG (p) gate using only one CNOT, as in figure 2(b). To emphasize, such a single-CNOT ¢G (p)
gate implementation is possible when the target input is in | 0), which is suitable for our algorithm (seeNote
added). In table 2, specific values of N associated with individual cases are provided. For those numbers
indicating the analyzed features (indicated by an asterisk in table 2), corresponding quantum circuits are shown
in figure 3.
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Figure 3. Examples of quantum circuits corresponding to each case classified in table 1. The most demanding case is the third.
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Figure 4. Numerical simulation results up to 20-qubit scale. In figure (a), each data point signifies the number of CNOT gates required
to generate the quantum superposition of N data. The theoretical analysis, represented by the blue solid line, aligns perfectly with the
upper bound data. Different colors are employed to emphasize the density of the data points. In figure (b), the graph illustrates CNOT
counts versus #. The maximum of 2n — 3 CNOT complexity (blue solid line) is clearly confirmed. Additionally, the average CNOT
counts are estimated (red solid line), i.e., ~[1.45n — 2.76] (forn > 3).

Table 2. Specific N numbers corresponding to the
cases in table 1.

CASE N

1 2,4,8,16%, ...

II 3,5,9,17%, ...

111 7,15,31%, ...

v 11,13,19,21,23,25,27,29%, ...

\% 6,10,12,14,18,20,22,24,26,28,30%, ...

Upon closer analysis, numerical simulations were conducted up to 20-qubit scale (i.e., n = 20, or
equivalently, N = 2*°) using algorithm 1 and 2. First, we counted the number of CNOT gates by incrementing
the value of N. The results are illustrated in figure 4(a), with distinct colors used to highlight dense regions within
the data points. The total count of CNOT gates varies with N. For instance, when N = 2", the parallel
applications of H are sufficient, and CNOT gates are not used in this case. Conversely, certain N values, e.g.,
when N = 2" — 1, require a significant number of CNOT gates. We plot the graph of 2log, N — 3 (represented
by the blue solid line), which precisely aligns with the upper bound data. Next, to facilitate a clearer comparison
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between the theoretical analysis and simulation data, we represent the data asa CNOT count versus 7 graph [see
figure 4(b)]. Here, it is confirmed that the upper bound data for CNOT counts precisely aligns with the
theoretically derived result of 2n — 3. Additionally, considering the density of the data points, we estimate the
average CNOT counts, which is approximately [1.45n — 2.76] (for n > 3).

4. Discussion

In this work, we have presented an efficient quantum superposing algorithm for quantum encoding. Within our
quantum encoding framework, the efficiency of the quantum superposing algorithm is crucial, specifically
considering the classical arbitrary mapping M that acts as the bridge connecting classical machine-readable data
addresses to the binary indices subsequently encoded into qubits. Such a mapping M has been implicitly
assumed in studies on computation. Our algorithm significantly enhances computational efficiency for a finite n
size of qubit registers by avoiding the use of multi-controlled gates. The improvement in the efficiency of our
designed algorithm is due to: (i) the appropriate utilization of the cG( p) gate, and (ii) the optimization of the
quantum circuit by efficiently implementing ¢G (p) with only one CNOT gate. Through theoretical analysis and
numerical simulations, we have demonstrated the effectiveness and superior efficiency of our algorithm,
particularly in terms of CNOT complexity. Specifically, our algorithm requires, at most, 2n — 3 CNOTs, which
is the most optimized result so far [25, 26]. This result translates to a substantial improvement in the overall
efficiency of quantum encoding.

The advantage of this quantum encoding framework (i.e., the use of an efficient quantum superposing
algorithm and mapping M) lies in the seamless integration of classical and quantum technologies. It allows for a
transition from classical to quantum processing when needed, ensuring optimal utilization of classical resources
and quantum computational efficiency. This hybrid approach holds significant relevance for utilizing the
capabilities of both classical and quantum technologies across a broad spectrum of problems. Another notable
aspect of this framework is that during the quantum computation phase, direct access to the actual data is not
required. Instead, the mapping M can be invoked to identify the final solution after the completion of the main
quantum computation. This abstraction layer between data processing and quantum computing contributes to
maintaining data integrity and security.

Our study highlights a substantial improvement in the computational efficiency of the quantum
superposing algorithm designed for quantum encoding. The advantages of the introduced framework will
contribute to the development of a structured approach, seamlessly integrating classical and quantum
technologies in quantum encoding.

Note added.—We were aware of the publication of [26] during the review of our work, which report O(#)
CNOT counts in preparing the uniform quantum superposition state. This result is consistent with ours, but the
algorithm proposed in [26] has the maximum 3#n — 5 CNOT counts, whereas our algorithm achieves 2n — 3.
This difference arises from the method of decomposing the correlation gates as well as the structure and
operation of the algorithm: specifically, we devised a method to implement the ¢G ( p) gate using only
one CNOT.
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