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ABSTRACT Accurate modeling of multiband spectrum utilization is essential for data-driven spectrum
management and refarming in mobile communication systems. However, the bounded and non-Gaussian
nature of Resource Block (RB) utilization, together with complex inter-band dependencies, challenges
conventional multivariate modeling approaches. This work proposes a flexible density estimation framework
based on Regular vine (R-vine) copulas, which construct joint distributions from bivariate components. Since
practical LTE and 5G deployments involve only a small number of concurrently used bands, we perform an
exhaustive search over all admissible R-vine structures to identify the optimal dependence configuration.
To support this search, we develop an efficient enumeration algorithm that incrementally constructs
valid edge sets while directly enforcing the proximity condition. For each pair-copula term, we adopt
Gaussian Mixture Copula Models to capture complex and nonparametric dependence patterns, and we derive
gradient expressions that enable efficient likelihood-based parameter estimation. The proposed framework
is validated using real-world LTE measurements of multiband RB utilization. Goodness-of-fit evaluations
confirm that the estimated distributions accurately reflect observed patterns, while the learned dependence
structures reveal interpretable inter-band behaviors, preferential usage relationships, and band-specific load
characteristics. These results demonstrate the suitability of flexible copula-based modeling, particularly
in low-dimensional settings relevant to simulation-driven spectrum planning in modern communication
systems.

INDEX TERMS Gaussian mixture copula models, mobile communication networks, multivariate density
estimation, spectrum utilization analysis, vine copulas.

I. INTRODUCTION

Low-frequency spectrum resources play a critical role in
mobile communication systems due to their favorable prop-
agation characteristics, including wide-area coverage and
strong indoor penetration [1]. Even with the evolution toward
next-generation networks such as 5G and beyond, the demand
for these low-frequency bands remains high. As a result,
the low-frequency spectrum currently occupied by legacy
Long-Term Evolution (LTE) systems must be reassessed
to determine its suitability for reclamation and refarming
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for future services [2]. Modern LTE deployments utilize
multiple fragmented bands, each offering distinct coverage
and capacity characteristics depending on frequency [3].
Identifying which of these bands may be considered for
reallocation requires an understanding of how spectrum
resources are currently utilized across frequency bands.

In multiband LTE deployments, analyzing how utilization
across bands varies together is essential for understanding
their operational roles and interactions. Such information can
be derived from the downlink control channel signals trans-
mitted by operational LTE Base Stations (BSs) [4]. However,
the amount and diversity of multiband spectrum usage data
that can be collected through measurement campaigns are
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inherently limited, and large-scale data acquisition is costly
and resource-intensive. To support tasks such as spectrum
planning, traffic forecasting, and scenario-based simulation,
itis therefore necessary to estimate the underlying probability
distribution governing multiband spectrum usage. These
challenges call for flexible multivariate density estimation
methods capable of modeling latent dependency structures
and supporting simulation-based spectrum planning [5].

In our analysis, spectrum usage in each band is quantified
by Resource Block (RB) utilization—a fundamental allocation
unit in both 4G and 5G systems. For each band, the total
number of RBs is determined by its allocated bandwidth,
and utilization is defined as the proportion of RBs in use,
yielding marginal variables that are naturally bounded within
[0, 1]. Because of this bounded support and the empirically
non-Gaussian behavior of RB utilization, classical parametric
distributions often fail to provide sufficient modeling flexi-
bility [6]. These challenges become even more pronounced
in the multivariate setting, where accurately representing
inter-band dependencies is essential for realistic modeling of
multiband spectrum usage.

To address the need for flexible multivariate modeling,
we adopt a copula-based framework. Copulas allow the joint
distribution to be constructed by modeling marginal behav-
iors and dependence structures separately, as established by
Sklar’s theorem [7]. While a wide variety of parametric
families exist for bivariate copulas, extending such models
directly to higher dimensions is generally infeasible due
to limited flexibility and structural constraints [8]. Vine
copulas overcome this limitation by composing multivariate
dependence structures from a cascade of bivariate building
blocks [9]. A vine is a nested sequence of trees that encodes
conditional dependencies among variables, and the class
of Regular vines (R-vines) provides a highly expressive
and interpretable framework for constructing multivariate
distributions [10].

The expressive power of an R-vine copula is determined
by its underlying vine structure, which specifies the sequence
of conditional dependencies among variables. Because the
number of admissible R-vine structures grows rapidly with

the number of variables, specifically as % X 2(d52) for

d variables [11], identifying an appropriate structure has
been an active area of research. In [12], a tree-by-tree
approach was proposed that greedily finds a spanning tree
that maximizes the sum of absolute pairwise dependencies
at each level. This method is effective for low-dimensional
problems, but the greedy approach does not guarantee
optimal solutions for high-dimensional cases. For higher-
dimensional data, various methods have been proposed
to effectively explore all possible vine structures. In [13]
and [14], a Bayesian approach utilizing reversible jump
Markov Monte Carlo posterior simulation is proposed.
In [15], a vine structure learning problem is formulated as a
sequential decision-making problem based on reinforcement
learning. In this approach, each decision corresponds to a
decision of an edge and a corresponding bivariate copula.
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In practical mobile network deployments, the number of
concurrently utilized frequency bands that require depen-
dence modeling is typically small, typically ranges from
five to six. This is because current 4G and 5G systems
operate over a limited set of fragmented bands, and ongoing
refarming as well as regulatory harmonization efforts are
expected to further consolidate these bands over time [16].
Consequently, the dimensionality of jointly used bands
remains low. Under these conditions, exhaustive exploration
of all admissible R-vine structures becomes not only feasible
but also desirable, as it enables more accurate identification
of the optimal dependence representation than methods
designed primarily for high-dimensional scenarios.

Motivated by this observation, we develop a complete
modeling framework that performs exhaustive search over
the full set of valid R-vine structures. To support this
process, we introduce an enumeration algorithm that con-
structs candidate edge sets by directly enforcing proximity
conditions at each vine level. In contrast to approaches that
rely on spanning-tree enumeration [12], [14], the proposed
method eliminates unnecessary combinatorial overhead
while ensuring structural validity throughout the construction
process.

For each edge representing a bivariate dependence,
we adopt the Gaussian Mixture Copula Model (GMCM) [17],
which provides an expressive nonparametric alternative to
standard copula families. GMCM parameters are estimated
using gradient-based likelihood maximization, supported
by analytically derived gradient expressions that facilitate
efficient and stable optimization. By combining exhaustive
structure search with this flexible modeling approach, the
proposed framework aims to improve estimation accuracy
relative to methods that rely on fixed parametric bivariate
families [12], [13], [14], [15].

We apply the proposed modeling framework to real-world
LTE measurements that capture multiband RB utilization.
To evaluate the statistical validity of the learned distribu-
tion, we perform goodness-of-fit tests, confirming that the
model accurately represents the observed multiband usage
patterns. Building on this validated model, we conduct a
detailed analysis of LTE spectrum utilization. This includes
examining inter-band dependency structures to infer the
functional roles of individual frequency bands and identifying
characteristic joint usage behaviors. We further compute
the probability that RB utilization in one band exceeds
that of others, enabling quantitative assessment of pref-
erential usage trends. In addition, we estimate cell-site
traffic load distributions by incorporating spectral efficiency
and bandwidth information, thereby supporting realistic
Monte Carlo simulations and data-driven spectrum refarming
decisions.

The main contributions of this work are summarized as
follows:

o We propose a full exhaustive-search algorithm for
identifying optimal R-vine structures tailored to
low-dimensional multiband spectrum usage.
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FIGURE 1. The two boundary cases of R-vines on four elements.

+ We introduce a GMCM-based bivariate copula estima-
tion method with derived gradient expressions, enabling
accurate and flexible dependence modeling.

o We construct a multivariate probabilistic model for
LTE multiband RB utilization and validate it using
real measurement data through statistical goodness-of-
fit tests.

o We demonstrate practical spectrum utilization analy-
ses, including dependency characterization, preferential
band usage assessment, and cell traffic load estimation
to support simulation-based spectrum planning.

The remainder of this paper is organized as follows.
Sections II and III present the background on R-vines
and GMCMs. Section IV describes the proposed learning
framework. Section V reports experimental results using
measured LTE RB usage data. Section VI provides spectrum
utilization analyses based on the estimated distribution.
Finally, Section VII concludes this work.

II. VINE COPULAS AND MULTIVARIATE MODELING

In this section, we summarize what a vine structure is and
how it models dependencies between variables to form a
multivariate probability distribution. A detailed explanation
can be found in [18] and [19].

Let NV = {1,2,...,d} be a set of d nodes. A vine on N
is defined as a sequence of nested trees V = {71, ..., Ty_1},
where each tree 7; consists of a set of nodes N and a set of
edges &; such that:

o Tj is a tree with node set A} = A and edge set £1;

e Forj=2,...,d—1,7; isatree whose nodes correspond

to the edges of 7;_1, i.e., Nj = 1.
The complete edge set of the vine is denoted as £(V) =
E1U---U&;_1. The vine is called an R-vine if it additionally
satisfies the proximity condition: for any edge {a, b} € &; with
Jj=2,la A b| =2 where A denotes the symmetric difference
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of sets and | - | denotes the cardinality. This condition ensures
that an edge between two nodes in 7; is allowed only if
the corresponding edges in 7;_; share a common node. This
condition provides the structural foundation for defining valid
conditional dependencies in higher-order trees.

Figure 1 illustrates two canonical examples of R-vines on
four elements.

As seen in the figure, explicit set-based representation
of nodes and edges becomes complex as the vine depth
increases. To simplify notation, we define the complete union
U, of an edge e € &; recursively as

Uo={aeNFeegforl <j<i—1
suchthata € e; € --- € €1 Ee}.

That is, U, collects all original variables involved in the
recursive chain leading to e. Also, for an edge e = {a, b},
we define the conditioning set as S, = U, N Uj and the
conditioned set as U, A Up. In the base tree 77, we have
Se = . With this formulation, we have the following useful
properties for R-vines.

Proposition 1: Let V be an R-vine on d elements.

1) Foranyee &,i=1,...,d —1,|U| =i+1,

2) Fore = {a,b}, U, \ Se and Uy \ S, are singletons,
and hence, the conditioned set associated with e is a
doubleton and |S.| =i — 1,

3) Fore = {a, b}, if an element j € N is a member of the
conditioned set associated with e, then j is a member
of the conditioned set associated with exactly one of a
and b, and S, and S}, are subsets of S,

4) Every pair of elements occurs exactly once as the
conditioned set of an edge.

Proof: Properties 1), 2), and 3) follow from Lemmas 4.2,
4.3, and 4.6 in [20], respectively. For property 4), Lemma
4.5 in [20] states that if two edges have the same conditioned
set, then the edges themselves must be equal. Since an R-vine
on d elements consists of exactly (‘21) edges, each pair of
elements occurs exactly once as the conditioned set of an
edge. [ ]
From the second one of Proposition 1, for e = {a, b},
we can abbreviate the representation as (ae, be; S.) where
{a.} = Uy \ Se and {b,} = Uy \ S.. For example, the edge
e = {{{1,2},{2,3}}, {{2, 3}, {3, 4}}} of 73 in Figure 1-(a)
has a = {{1,2},{2,3}}, b = {{2,3},{3,4}}, S. = {2,3},
a, = 1, and b, = 4. It follows that e = (1,4;{2,3}) or
e=1(1,4;2,3).

When utilizing vine structures for modeling multivari-
ate probability distributions, each edge is associated with
a bivariate copula. Each bivariate copula captures the
dependence between two variables or conditional variables.
According to Sklar’s theorem [7], any continuous bivariate
distribution function H with margins ' and G admits a unique
copula C such that:

H(x,y) = C(F(x), G()). ey
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Conversely, combining any pair of marginal distributions F'
and G with a copula C via (1) yields a valid joint distribution.
This result allows one to express any bivariate distribution as a
composition of its marginals and a bivariate copula capturing
the dependence structure. Note that every bivariate copula is
a restriction to [0, 1]? of a joint distribution whose margins
are continuous uniform distributions on (0, 1).

Conditional distributions play a key role in the vine copula
construction. Partial derivatives of copulas can be used to
derive conditional distributions. Let (U, V) be a pair of
random variables uniformly distributed on (0, 1) whose joint
distribution function is C. Then the conditional distribution
function for V given U = u, which we denote C(v|u), is given
by
aC(u, v) . @

ou

An R-vine distribution for a d-dimensional random vector
(X1, ..., Xy) is specified by a triplet (F, V, BB), where:

« F = (Fy,..

distributions;

o )V is an R-vine structure;

e B = {C.le € EV)} is the set of bivarate copulas

assigned to edges.

Clu) =PV <v|U =u) =

., Fg) is the vector of the marginal

Each variable X; is assumed to have a density f; for 1 <i <d,
and each copula C, is assumed to have an associated density
co for e € E£(V). For an edge ¢ = {a,b} = (a,b; ) €
&1, C, is a bivariate distribution of (F,(X,), F»(Xp)). The
copulas associated with the edges of the higher-order trees
are applied to conditional distributions. Specifically, for an
edge e = (ae,be;Se) € &, j = 2,...,d — 1, the copula
C. is associated with the conditional distributions of X,,
and X, given X;’s for i € S,. In fact, such a distribution
depends on the realized values of conditioning variables
X;i’s for i € S,. To reduce complexity and computational
burden involved in estimating copulas, we normally neglect
the dependence on the specific conditioning values. In this
regard, the simplifying assumption is made that the copula
for each edge depends only on the variables associated with
it, not its values.

Given the triplet (F, V, B) defined above, the induced mul-
tivariate distribution admits the density given in (3), as shown
at the bottom of the page. The last term in (3) contains condi-
tional distributions for multidimensional variables. As in the
bivariate case, an
n-variate copula is the joint distribution of a random vector
whose marginals are uniform on (0, 1). For any edge e =
(Ge, be; Se) € Ej,j=2,...,d — 1, we have

where C, s, is the conditional distribution of F,(X,,) given
Fi(Xj)s for j € S.. Fortunately, this can be obtained
sequentially from the bivariate copulas associated with the
edges of the lower-order trees. For an edge e = {a,b} €
&1, the conditional copulas Cg, and Cpj, are obtained
from the partial derivatives of C, 5 as in (2). For an edge
e = (ae, be; Se) € &,j = 2,...,d — 2, let the conditional
distributions Cg,s, and Cp,s, be given. The conditional
distribution Cy,|s,u(p,) that can be used for copulas associated
with the edges of the next level tree can be obtained as shown
in (5), as shown at the bottom of the next page. In (5), the
term Cy,p,;s, denotes the conditional copula obtained from
Ca,.b,:S, using (2).

llIl. GAUSSIAN MIXTURE COPULA MODEL

As discussed in Section II, an R-vine copula constructs
a multivariate distribution entirely from bivariate copulas.
Consequently, the overall expressiveness of the vine copula
model depends critically on the flexibility of its bivariate
components. While many standard bivariate copulas are
available, they often lack the capacity to represent complex
or multimodal dependencies. One way to enhance modeling
flexibility is to employ mixture-based formulations [6].

In this regard, [17] introduced the GMCM, which com-
bines the flexibility of mixture models with the modularity
of copula theory by decoupling marginal behavior from
dependence structure. In the GMCM framework, dependence
is captured using a Gaussian Mixture Model (GMM), while
marginal distributions are treated separately. In this section,
we briefly introduce how the Gaussian mixture copula
function is defined for two variables.

Let (Y1, Y») be a bivariate random vector modeled by a K -
component GMM, f(y1,y2) = > med(1, 23 fy» k),
where the weights 7r; > Osatisfy >, | mx = 1. The function
o(-, -3 my, Xy) denotes the bivariate Gaussian density with
mean vector p; = [1k1, ,ukz]T and covariance matrix X; =
[ 011 PkOk10k2

PKOKI0K2 O
as shown at the bottom of the next page.

For j = 1,2, the marginal distribution and density
functions are given by

, whose analytic form is given in (6),

K
(yj) = anCD(yj; ks Ukzj),
k=1

K
Vi) = D By g o),

k=1

where ®(y; u, 02) and @(y; u, 02) denote the cumulative

Fa,is (xa) Xj,j € Se) = Cy,s (Fa (xa,)|Fi(x)), j € S@) , distribution function (cdf) and probability density function
4) (pdf) of the Gaussian distribution A (, a?), respectively.

d
Sa(xs . xq) = Hfi(xi) X H Cag.be:Se (Fae|Se (xa, |Xj.J € Se) . Fp,is, (b, |xj.) € Se)) 3

i=1 (ae,be;S)eEV)
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Since each W; is continuous, the transformed variables U; =
W;(Y;) are uniformly distributed on (0, 1) by the probability
integral transform. Hence, (U;, Uz) admits a copula repre-
sentation via Sklar’s theorem. Let ®(yy, y»; #, X) be the cdf
of bivariate Gaussian A/ (x, X). With this notation, we have
the cdf of (Y1, Y2) as F(y1, y2) = > gy m @1, y23 M Ti)-
Then the GMCM copula C(u1, u2) is given by
C(ur,up) = P(U1r < up, Uz < up)
=P(Y1 < ¥, (), Y2 < W5 ' ()
K

=D (W ), W ) g, Bi). (D)
k=1

Taking derivatives yields the copula density:
2

duiouy

c(uy, uy) = C(uy, up)

K
= > mep (7 ). W5 w): i i)
k=1

O ) w5 ()
X — ur)—— u
duy 1 ! ouy 2 W2

2 e (9 ), 5 ) g B)
Y1 (U )y (W5 )

From (7), the conditional distribution of Uy | U; =

up can be obtained using (2). Note that, for (X1, Xy) ~
. T o pPO102

N, ) with p = [p1, u2]" and T = p01102 o2 |
the conditional distribution X; | X, = xp follows
N (m + 0% (x2 — ). o2(1 — ,02)) and its derivative with
respect to x» is given by (9), as shown at the bottom of the
page.

. (8

Using (2) together with (9), we obtain the expression for
the conditional distribution C(u1|uz) in (10), as shown at the
bottom of the page.

In [21], it is addressed that the GMCM suffers from
unidentifiable parameter configurations. Since copulas are
invariant to translation and scaling, only relative distances
can be inferred. A partial solution suggested in [21] is
anchoring the first component to have a mean of u; =
[0, O]T and a unit variance in each dimension, i.e., 0121 =
0122 = 1. Following [22], we additionally enforce p; =
0. Under this anchored specification, the GMCM takes the
form

K
fO1Ly)=m1001, ¥2: 0, L)+ D md(1, y2: g T,

k=2
(1)

where I, is the 2 x 2 identity matrix. This model has
the advantage of being able to represent the case where
two random variables are independent when the number
of components is 1 (K = 1). With this specification, the
marginal cdfs and pdfs simplify to

K
W) = PO + D Py g o) (12)
k=2
and
K
Yo = mG) + D mp(ys g o), (13)

k=2

where ®(-) and ¢(-) denote the standard normal cdf and pdf,
respectively.

Cai5.Utbe} (Fa, (xa,) |Fo, (xp,) . Fi (xi) . i € Se)
= Cq,|b,:S. (Cae\Sg (Fae (xae) |Fi (x;),1i€ Se)

Couis. (o, (x0,) |Fi ()i € 5.) ) )

1 1
¢, Y23 My, Xk) = exp ( - 3 [ (
21w 0k10k24/ 1 —,0]% 2(1 _pk)

v = e\ V1 — Mkl Y2 — k2 2 — 2\
— 20k +

Okl Ok1 Ok2 Ok2
(6)
0 2 0] 2 2
—D(x, 125 w, X) = P(x2; (2, 07)P | x1; w1 + p— 2 — p2), o7 (1 — p%) 9
0x7 02
9 £
-1 -1 .
Clulug) = 8—M2C(u1, u) = ];nka—uzcb(\yl (u1), W5 (u2); i, )
K
—zn i<1>(\11—1(u) s )| i\p—l(u )
— po k ayz 1 1), Y25 ”’ka k yzz\yz—l(uz) auz 2 2
S e (505 o, o) @ (97 @ e + i 25 ) — i), o (1 = D)
= (10)
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IV. VINE LEARNING

In this section, we describe a procedure for estimating the
distribution of multivariate data using the R-vine copula
model introduced in Section II. Let X = {xjj}1<i<n, 1<j<d
denote a matrix of n observations from a d-dimensional
random vector. Estimating the distribution underlying X
via the R-vine copula framework requires the specification
of a triplet (F, V), B) representing the marginals, the vine
structure, and the associated pairwise copulas, respectively.

A. ESTIMATION OF MARGINAL DISTRIBUTIONS

We begin by estimating the marginal distributions F, the first
component of the R-vine triplet. In this work, we employ
GMMs for this purpose. Since the RB utilization data take
values in the unit interval, the Gaussian density, defined on
the entire real line, is not directly suitable for modeling such
data. To address this issue, we apply the probit transformation
technique introduced in [23]. For a random variable X
supported on (0, 1), define W = &~ !(X). Then W is
supported on R, and its density fy is related to that of X
through fiy(w) = fx(®(w))p(w). Given an estimate fW of
wa, the corresponding estimate of fx is obtained via fX(x) =
Jw (@71 ))/ (@~ (x)).

For each variable X;, j = 1,...,d, we first transform
the observations {x;}|_, into {w;}{_,, where w; =
CD_I(x,-j). We then fit a GMM to the transformed data
using the Expectation-Maximization (EM) algorithm [24].
If the estimated density for W; is Zle T p(w; Wk, okz), the
corresponding estimate density for X; becomes

> (7' @) pk, of)
P(@~1(x))
The number of mixture components K is selected using

Cross-Validation (CV). During CV, we use the following
likelihood as a metric to evaluate the fit of the model:

fX_,‘(x) =

n

Z[log im@ (Caenns a,f)) —log¢ (CD_](xij))] .
=1

i=1

B. VINE ENUMERATION

As shown in [11], the total number of distinct R-vines on
d variables is % X 2([152), which grows extremely rapidly
with dimension. In our application, we model RB utilization
across at most six frequency bands, which represents
a modest dimensionality consistent with current mobile
network configurations. This dimensionality is expected
to remain limited as spectrum consolidation continues.
This low-dimensional setting enables a practical exhaustive
search over all admissible R-vine structures to identify an
appropriate model.

To facilitate this search, we first enumerate all edges that
may appear in a valid R-vine. Prior approaches, such as [12]
and [14], construct a graph of admissible edges at each
vine level by enforcing the proximity condition, and then
identify a spanning tree over this restricted graph. In contrast,

VOLUME 14, 2026

TABLE 1. Edge enumeration algorithm.

Input: Nodes {1,...,d} withd >3
Output: Edge sets {G1,...,G4—1}
1: G1 <0

2: forj=1tod — 1do

3 for/ =j+ 1tod do
4 G« GLU{{il}}
5 end for

6: end for

7: fork =2tod — 1 do

8 Gr < 0, PG < Gr—1
9 fora € Gy_1 do

10: PG «+ PG\ {a}

11: if [PG| > 0 then

12: for b € PG do

13: iflanb| =1and |U, N Up| =k — 1 then
14: Gr < G U {{a,b}}

15: end if

16: end for

17: end if

18: end for

19: end for

20: return {Gi1,...,Gs—1}

TABLE 2. Relative runtime comparison between the proposed
enumeration method and a spanning-tree-based baseline.

Dimension d 4 5 6
Runtime ratio (Baseline / Proposed) | 1.3908  1.4198  1.2529

we develop a direct enumeration method that leverages the
structural properties of R-vines themselves. By formulating
the enumeration in terms of explicit edge comparisons, our
approach avoids repeatedly solving spanning-tree problems
while ensuring that all admissible vine structures are
systematically explored.

The enumeration algorithm is provided in Table 1. For a
given dimension d, it generates the collection of edge sets
Gt,...,G4-1, where G; denotes all valid edges that may
appear at the k-th level tree 7. Each edge in the final set
G4—1 corresponds to a complete R-vine structure spanning all
d variables. The correctness of the algorithm is guaranteed by
the following proposition.

Proposition 2: For the last set G;_; in the algorithm of
Table 1,

d! d-2
il == x 2059,
|Ga—1l 5 X

Thus, G4—1 consists of exactly all possible R-vine
structures.
Proof: See Appendix A. [ ]
Table 2 reports the relative runtime comparison between
the proposed enumeration method and a spanning-tree-based
baseline. The evaluation is conducted for dimensions up
to d = 6, which correspond to the multiband scenarios
considered in this study. For each dimension, the runtime of
each method is measured over 10 independent executions and
averaged, and the reported ratio is computed based on these
average runtimes.
The results in Table 2 indicate that the proposed
enumeration method consistently achieves lower runtime
than the spanning-tree-based baseline for all considered
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dimensions. Across d = 4,5, 6, the proposed approach
reduces the average computation time by approximately
25-40%. This efficiency can be attributed to directly enforc-
ing the proximity condition during edge construction, which
helps avoid repeated spanning-tree generation. Accordingly,
in realistic multiband analyses, the proposed enumeration
method may represent an attractive option for exhaustive
R-vine structure exploration.

C. GMCM PARAMETER LEARNING

We now describe the procedure for estimating the parameters
of the GMCM introduced in Section III, given a sample
(ui1, uiz);':] from a pair of random variables with uniform
marginals on (0, 1). The estimation is performed via maxi-
mum likelihood. From (8) and (11)-(13), the log-likelihood
function for the GMCM parameters is given by

n
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As noted in [17] and [21], maximizing £ is challenging
due to the non-convexity of the likelihood and the absence
of closed-form expressions for the inverse marginal cdfs
\Ilj_l. Consequently, the EM algorithm commonly used for
GMMs cannot be applied in this setting. Instead, we employ
a gradient-based likelihood optimization approach.

To compute the gradients, we must evaluate the inverse
marginal cdfs \Ifjfl(u,-j) fori = 1,...,nandj = 1,2.
Since closed-form expressions for ‘Ifjfl are not available,
we numerically approximate these values using linear
interpolation of the function evaluations of W¥;, following the
approach of [25]. Given the numerically obtained inverse cdf
values, their derivatives with respect to the model parameters
can be derived using the following result.

Proposition 3: Let g(y; ) be a parametric function
satisfying:

1) foreach 6, the inverse g~ ' (u; 8) with respect to y exists,

and

2) g is differentiable in both y and 6.

Then the derivative of the inverse function with respect to 6
is given by
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Proof: See Appendix B. ]

Proposition 3 enables us to obtain analytic gradients
of the inverse marginal cdfs from the derivatives of the
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corresponding cdfs. Let y;; = \Ifjfl (7). Using the identities
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for k = 2,...,K. For the mixture weights, we similarly
obtain
dyi 0y
am Yy
dyy PO M o) P p
oy Vi) o

To enforce the constraints oy; > Oand —1 < p < 1 for the
covariance matrix Xy, we adopt the following Cholesky-like
decomposition:

_ T _ {vkr O ||ve1 vi2
Ze = ViV = [sz Vk3:| [ 0 Vk3:|

_ [ Vi Vkvke ]
VEIV2 Vey + Vi3]
where V is lower triangular. This representation satisfies the
required constraints for all real-valued vg1, vi2, and vg3.
To satisfy the constraint ZkK=1 mr = 1 with non-negative
mixture weights, we reparameterize them using the softmax
function:

exp(ax)

T = K )
Zk/:1 exp(og’)

(14)
where each o € R.

The parameter estimation thus involves computing the
gradient of £ with respect to the unconstrained variables
{kita<k=k j=1.2, {Vi}2<k=k j=12,3, and {o}X_ . The full
derivations of the gradients are provided in Appendix C. The
number of components K is selected via CV.

D. R-VINE SELECTION

We now describe how to select the optimal R-vine
copula structure for a given dataset, assuming that the
marginal distributions F have been estimated as discussed
in Section IV-A. The goal is to determine the remaining
components of the triplet, namely the vine structure V' and
the set of bivariate copulas B, by maximizing the likelihood
over all admissible R-vine configurations. Since copulas
operate on uniform margins, we first transform the original
data {x;j}1<i<n,1<j<q into {u; = Fj(x;j)}1<i<n,1<j<d, Which
are uniformly distributed on (0, 1). The subsequent vine
construction and parameter estimation are then performed
using this transformed data. Based on (3) and (4), the
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log-likelihood of the transformed data under a given vine
structure (), B) is given by

n
> D log Ca,b;s(Ca|s(um|uij,j €S), Coys (uin|uyj, j € S))

i=1 (a,b;S)
cEV)

(15)

As mentioned in Section IV-B, we choose the one that
maximizes the value of (15) for all possible vine structures.
To this end, it is necessary to learn GMCM parameters for all
possible edges that can be enumerated through the algorithm
in Table 1. In this work, we sequentially apply GMCM
parameter learning to the sets of edges {Gi,...,Gqs—1}
generated by the algorithm. As can be seen in (15), the
copula for an edge belonging to Gy for k > 2 is determined
by fitting the conditional copula values for the two edges
belonging to Gi_1 that compose it. According to the third of
Proposition 1, the conditional copula that can be used in the
next higher-order tree for an edge (a, b; S) is Cyjp;s or Cpja;s,
so calculation of these is also required after establishing the
copula Cg 5. The specific process of establishing copulas
for all possible edges is described in Table 3.

Once the collection {Cy p;5}(4,5:5)c£(V) is obtained for all
candidate edges, we evaluate the complete log-likelihood
for each R-vine structure. Since each element of G;_;
corresponds to a valid full R-vine, we traverse backward
through the hierarchy of trees to accumulate the likelihood
contributions. This backtracking process is formalized in
Table 4.

Then we select the structure in G that yields the highest
log-likelihood under (15), and assign the corresponding
structure and associated GMCMs to V and B, respectively.

V. EMPIRICAL VALIDATION ON RB UTILIZATION DATA

In this section, we apply the proposed density estimation
methodology to RB utilization data collected from the control
channel signals of LTE BSs operating at a site where a Mobile
Network Operator (MNO) deploys multiple frequency bands.

A. DATA DESCRIPTION

The dataset used in this study was collected using the
ALTETRI platform (Analyzer of LTE Traffic and Radio
Information) [4], which extracts scheduling information by
decoding all downlink control information transmitted from
an LTE BS. To capture multiband scheduling behavior,
simultaneous measurements were conducted across multiple
LTE bands at a single site using multiple ALTETRI units.
The measurement site was located in a high-traffic area
operated by one of Korea’s major mobile network operators,
which utilizes five LTE bands. Data was collected near
Gangnam Station in Seoul, South Korea—an area known
for heavy mobile traffic—over 8 to 10 hours on weekdays
during the following months: June 2021, August 2021, and
April, May, July, August, and November 2022. The site was
selected to enable reliable simultaneous observation across all
deployed frequency bands and to capture multiband spectrum
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TABLE 3. GMCM fitting for all possible edges.

Input: Data {u;}1<i<n,1<j<a> enumerated edges {G }f;ll
Output: GMCMs C, ;s for (a,b; S) € uf;igk
1: for e = (ac, b.) € G1 do
2:  find a GMCM C,, p, that fits the data {(u; q, , uip, )},
3 Ve < {Cag\be (tiya, Iui,bg)}’;:p v, {Cbglae (ui:beluiyae)}?zl
(These are calculated by (10))

4: end for
5: fork =2tod — 1 do
6: for ¢ = (ae, be; Se) = (ae,be;Se,1s- -, Se—1) € Gk do
7. for the two edges in Gx_1 that form e do
8: e < {e1,e2} so that,
with e; = (e, be;; e, 15 - - - S k—2) forl = 1,2,
Uq:{am Se, 1.+ 7Se,k71} and Ue2:{b@, Se, 1y -+ ase,kfl}
9: if a, = a., then
10: W1 < Ve
11: else
12: W1 Vg,
13: end if
14: if be = a., then
15: W2 < Vo,
16: else
17: w2 Vv,
18: end if
19: find a GMCM C,, p,;s, that fits the data {w1, w2}
20: ifk <d—1,withw; = {wy}_, forl = 1,2 then
21: Ve < {Cy, | (beyus, (Mia, Wi b, Ui, J € Se)}ioq
= {Co s, oo i) Yy
Ve < {Co, | {acyus, Wi, i, i ] € Se)}_y
= {Ch, |ap;5. Wizlwin )},
22: end if
23: end for
24: end for
25: end for
26: return {C"}eeufgllgk’ {ve, vg}eeuz;fgk

TABLE 4. Calculation of the log-likelihood for an R-vine structure.

Input: Data {u;}1<i<n,1<j<d-anedgee € Gy_1,
copulas and the.lr. densities {C;, CZ}EGUZ;} o
vectors of conditional copula values {v;, vé}?eu"’zgk
Output: Log-likelihood for the R-vine structure assoéi}llted with e
1: Fore,wi < {wi1}!_,, w2 < {wia}’_; (as in Table 3)
2: loglik < >_7 4 log ce(wit, wiz)
3: CH « {e1,e2} where e = {e1,ea} wither,e2 € Gg_o
4: fork =d —2to1do
TCH + 0
fore € CH do
w1 < {win} |, w2 < {wi2}!_, (as in Table 3)
loglik <« loglik + E?:l log C;,(W,‘l7 Wl‘2)
TCH < TCHU{e1,e2} wheree={e1,e2} withey,ea € Gr_1
10: end for
11: CH<+ TCH
12: end for
13: return loglik

LRI

TABLE 5. KS test results for marginal distributions.

Band No. 1 2 3 4 5
p-value 0.3495 09265 0.4423 0.1198 0.7117

utilization under traffic-intensive conditions relevant to
conservative spectrum planning and refarming.

Each data point is a five-dimensional vector representing
the average percentage of RBs scheduled per second in
each of the five bands. Since LTE scheduling operates at
a granularity of 1 ms (i.e., per subframe), each data point
summarizes the outcome of 1,000 scheduling decisions.
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To reduce temporal dependence and approximate indepen-
dent and identically distributed behavior, data points were
sampled at regular intervals using the decorrelation method
proposed in [26].

A total of 751 data points were obtained and are denoted
by {xjj}1<i<751,1<j<5, where i indexes time and j indexes
frequency bands. Among these, 561 samples were used for
training and 190 for testing. During the training phase,
threefold CV was performed by partitioning the training set
into three subsets of equal size.

B. DENSITY ESTIMATION RESULTS

1) MARGINAL DISTRIBUTION ESTIMATION

We begin by presenting the results of the marginal distribution
estimation for RB utilization across the five frequency bands,
following the methodology described in Section IV-A. For
each band, a GMM is fitted to the transformed training
samples using the EM algorithm. The number of mixture
components is selected via CV, after which the model is
retrained using the full training dataset.

To evaluate the quality of the marginal fit, we apply the
Kolmogorov—Smirnov (KS) test to the held-out test set. The
results, summarized in Table 5, indicate that for all five
bands, the null hypothesis that the test samples are drawn
from the estimated distribution cannot be rejected at the 10%
significance level.

TABLE 6. Selected vine structure V.

Tree Edges

T | (1,4),(2,5),(3,4), (3,5)
T2 | (1,3;4),(2,3;5), (4,5;3)
T3 (1,5;3,4), (2,4;3,5)
71 (172;3747 5)

2) JOINT DISTRIBUTION ESTIMATION AND EVALUATION

We now present the results of fitting the joint distribution of
multiband RB utilization using the proposed R-vine copula
model. Let F; denote the marginal distribution for band j,
obtained as described in Section V-B1, for j = 1,...,5.
Following the procedure in Section IV-D, the original
observations {x;;} are transformed into uniform scores u;; =
Fj(x;), and the vine learning algorithm is applied to the
resulting uniform data.

For each edge appearing in the candidate vine structures
generated by the enumeration algorithm in Table 1, a GMCM
is fitted to the corresponding bivariate or conditional data.
When fitting the GMCMs as described in Table 3, the number
of mixture components is selected using CV, consistent
with the approach used for the marginal distributions. After
selecting the number of components, the GMCM parameters
are estimated using the full training dataset. The ADAM [27]
optimizer is applied for gradient ascent to adapt the GMCM
parameters. The final vine structure V is chosen as the one
achieving the highest sum of CV scores across all edges
that constitute the structure. The selected R-vine structure is
reported in Table 6.
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TABLE 7. The per-sample average log-likelihood of the test data for each
density estimation method.

GMM  BMM  Tree-by-tree  Proposed GGM NSF
1.756  1.86 2.173 2.293 1.418 —0.037

TABLE 8. Fasano-Franceschini test results for multivariate distributions
of all band combinations.

Bands  p-value | Bands p-value Bands p-value
1,2 0.2209 | 1,2,3 0.1173 1,2,3,4 0.1395
1,3 0.3356 | 1,2,4 0.3452 1,2,3,5 0.2726
1,4 0.6044 | 1,2,5 0.2122 1,2,4,5 0.4313
1,5 0.2155 | 1,3,4 0.4849 1,3,4,5 0.371
2,3 0.4144 | 1,3,5 0.3815 2,3,4,5 0.4391
2,4 0.6855 | 1,4,5 0.5737 | 1,2,3,4,5 0.2303
2,5 0.7969 | 2,3,4 0.4875
3,4 0.6644 | 2,3,5 0.6069
3,5 0.693 2,4,5 0.8715
4,5 0.7663 | 3,4,5 0.4127

We evaluate the performance of the proposed vine copula
model by computing the log-likelihood on the held-out
test data. For comparison, we include two mixture-based
alternatives: a GMM and the Beta mixture model (BMM)
of [28], which is designed for variables with bounded
support such as RB utilization. For all methods, the number
of mixture components is selected via CV, and parameter
estimation is carried out using the full training dataset.
For vine-based approaches, we also consider the tree-by-
tree structure selection method of [12], which is widely
used in low-dimensional settings and serves as an addi-
tional baseline. Its corresponding vine structure is learned
from the training data in the same manner. In addition,
we include two widely used multivariate dependency learning
baselines. First, a Gaussian Graphical Model (GGM) [29]
is considered to represent conditional dependencies under a
Gaussian assumption. Second, we include a deep generative
density estimator based on Neural Spline Flows (NSF) [30],
which is a state-of-the-art likelihood-based normalizing flow
model. Both the GGM and NSF baselines are applied to
probit-transformed uniform scores. For both models, log-
likelihoods are obtained by correcting for the Jacobian of the
probit transformation. Hyperparameters for both models are
selected using CV. Table 7 reports the per-sample average
log-likelihood values on the test set.

As expected, the BMM outperforms the GMM due
to its ability to accommodate the bounded support of
RB utilization. The proposed vine copula model achieves
the highest log-likelihood among all methods, benefiting
from its expressive construction based on flexible bivariate
components. Furthermore, even when compared to the tree-
by-tree vine model, the exhaustive search approach yields
superior performance, demonstrating the advantage of full
structure exploration in low-dimensional settings. The GGM
baseline yields a lower log-likelihood than the proposed
vine copula model. Under the regularization level selected
by CV, the estimated precision matrix does not exhibit
pronounced sparsity, indicating that the data do not strongly
support a sparse conditional independence structure under
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a Gaussian assumption. As a result, GGM is less effective
in capturing inter-band dependencies in this setting than
the proposed vine copula framework. The NSF provides a
flexible deep generative baseline, but its test log-likelihood
is also lower than that of the proposed vine copula model.
This difference can be attributed to the nature of the
problem, where the number of jointly modeled variables is
small and different frequency bands play distinct operational
roles. In such settings, strong and structured inter-band
interactions are expected. Explicitly modeling dependency
relationships, as in copula-based approaches, can therefore
be more effective than relying on highly expressive but less
structured transformations.

To further evaluate the adequacy of the fitted joint distri-
bution, we conduct goodness-of-fit tests for all combinations
of bands. For each test, synthetic samples are generated
from the fitted vine copula model using the sampling
procedure described in [19], with the number of simulated
points matched to the size of the test set. We employ the
Fasano—Franceschini test [31], a multidimensional extension
of the two-sample Kolmogorov—Smirnov test. The resulting
p-values, reported in Table 8, indicate that at the 10%
significance level, the hypothesis that the test and simulated
samples originate from the same distribution cannot be
rejected for any band combination. These findings suggest
that the proposed model provides an accurate representation
of the joint distribution of RB utilization.

TABLE 9. Spearman’s rank correlation value for RB utilization of each
band pair.

Bands 1,2 1,3 1,4 1,5 2,3
Corr. | 0.3732 0.3239 0.4378 0.219 0.5031
Bands 2,4 2,5 3,4 3,5 4,5
Corr. 0.425 0.5302 0.4532 0.473 0.3528

Figure 2 presents scatter plots comparing the test data
with simulated samples for several two-dimensional band
combinations. The close visual agreement between the
empirical and synthetic distributions further supports the
adequacy of the proposed model.

VI. SPECTRUM UTILIZATION ANALYSIS USING THE
FITTED MIODEL

In this section, we analyze LTE multiband spectrum uti-
lization using the multivariate distribution estimated in
Section V. By drawing samples from the learned distribution,
we can systematically examine possible usage scenarios,
quantify uncertainty, and evaluate potential outcomes [32].
To this end, we generate one million five-dimensional
samples of multiband RB utilization from the fitted model.

A. RB UTILIZATION PATTERNS ACROSS BAND PAIRS

We examine the joint utilization patterns of band pairs to
gain insight into how different frequency bands cooperate to
achieve desired communication performance. In particular,
we aim to identify which bands are jointly activated to support
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higher throughput, as in carrier aggregation scenarios, and
which bands are primarily utilized for coverage assurance.

To begin, we compute Spearman’s rank correlation coeffi-
cients as scalar measures of monotonic association. Table 9
presents the correlation values for each band pair.

While the results suggest a general trend of positive
correlation in RB utilization across all band pairs, such
scalar summaries are insufficient for uncovering detailed
dependency patterns. To gain finer insights, we employ
the dependence map framework proposed by [33], which
visualizes local dependence between two variables over the
unit square [0, 112,

To construct dependence maps, we divide [0, 1]2 into a
50 x 50 grid, yielding 2500 cells. For each band pair, if a
grid cell contains fewer than 200 of the one million simulated
samples, it is marked as having insufficient data and colored
black. For cells with sufficient data, the local dependence
function is estimated at the cell center, and its sign is tested
via permutation-based local independence tests. Each cell is
assigned a value of 41 (positive local dependence), 0 (local
independence), or —1 (negative local dependence), and is
rendered in white, light gray, or gray, respectively.

The dependence maps for all band pairs are shown
in Figure 3. From the maps, we observe several notable
patterns:

o General pattern: Most band pairs show positive local
dependence when both bands are either lightly or heavily
utilized, indicating synchronized behavior under low or
high load.

« Bands 1 and 2: A linear cluster of positive dependence
extends up to around 70% utilization, indicating cooper-
ative activation in moderate traffic conditions.

o Bands 1 and 5: Despite sufficient data across most
regions, local dependence values remain close to zero.
This implies that these bands operate independently,
without strong interaction.

o Band 1 with others: Band 1 shows patches of negative
local dependence in high-utilization regions when paired
bands are underutilized. This may reflect its role in
supporting coverage when other bands are less active.

o Bands 2 and 3 / 2 and 4: These pairs exhibit structured
nonlinear dependence. For instance, the 2—4 pair forms a
cubic-like pattern, where usage shifts between bands as
overall traffic increases. Such patterns suggest dynamic
role switching or complementary use depending on load
level.

o Bands 2 and 5: Positive dependence appears in low-
utilization areas, while a narrow region of negative
dependence emerges when band 2 is heavily used
and band 5 is lightly loaded. This suggests possible
load-splitting behavior under certain conditions.

o Bands 3 and 5/ 4 and 5: These band pairs show strong
linear clusters of positive dependence with slopes close
to 1, indicating that they tend to be used together in
roughly equal proportions. Notably, for 3-5, a small
region of negative dependence emerges when band
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FIGURE 2. Scatter plots of test data and simulated samples for two-dimensional band combinations. Circles and crosses indicate test data and

simulated samples, respectively.
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FIGURE 3. Dependency maps of RB utilization for band pairs. In the dependency map, each grid is colored white for positive local dependence, light
gray for local independence, gray for negative local dependence, and black for insufficient data to consider local dependence.

3 exceeds 80% utilization, suggesting active balancing
to avoid overloading.

o Bands 3 and 4: Unlike the above, this pair exhibits
minimal dependence in moderate utilization regions.
This absence of interaction implies that bands 3 and
4 are not typically aggregated or jointly activated under
regular traffic loads.

These observations suggest that carrier aggregation patterns
differ across bands, and that dynamic balancing of utilization
between complementary bands is common. The dependence
map offers rich insights beyond what scalar correlation
can reveal, enabling interpretable diagnostics of multiband
spectrum usage.

B. BAND UTILIZATION PRIORITY

Here, we examine which bands are preferentially utilized
in the multiband LTE system under consideration. Let R;
denote the RB utilization of band j forj = 1,...,5, and
let O; denote the average RB utilizations of the remaining
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four bands:

0j = %ZR,(.

k#j
For a given threshold £ € (0, 1), we define

pj(§) = P(O; > &|R; > &),

which represents the probability that the other bands exceed
utilization level &, conditioned on band j doing so. A low
value of p;(§) suggests that band j tends to reach high
utilization before the others and thus may be preferentially
utilized. Figure 4 shows the values of p;(&) for several values
of £. As seen in the figure, band 1 consistently exhibits
the lowest values of the probability, indicating that it is
likely to be utilized earlier than the others, possibly owing
to its favorable propagation characteristics for coverage.
In contrast, band 4 shows the highest values of the probability
over most of the range, implying that it is generally utilized
later and likely used to balance the traffic load among bands.
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To further investigate how individual band utilization
relates to overall cell capacity, we consider a site-level
utilization metric. Let

denote the average RB utilization across all five bands.
Following [34], a value of R > 0.7 can serve as an indicator
of spectrum saturation in terms of service quality, particularly
regarding the support for seamless video streaming for new
users. We define the conditional probability

qj(§) = P(R > 0.7|R; > §),

which represents the probability that the entire cell is
saturated, given that band j exceeds a threshold &. Figure 5
shows the values of ¢g;(§) over various threshold levels.
Consistent with the earlier findings, band 1 shows the lowest
saturation probabilities, reinforcing its role as a coverage-first
band. Band 4 exhibits the highest saturation probabilities,
suggesting that its increased usage correlates with overall
resource exhaustion. Interestingly, band 2 demonstrates
mixed characteristics. For high thresholds (§ > 0.85),
the value of p,(£) drops sharply, while g2(&) becomes the
highest among all bands. This suggests that band 2 can serve
both as an early-utilization band (like band 1) and as a
high-utilization band that signals site saturation (like band 4),
highlighting its dual operational role.
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FIGURE 6. Histogram of the cell site traffic.

C. OFFERED TRAFFIC

The RB utilization of multiple bands can be used to infer
the amount of traffic handled at a given cell site. As in [35],
we utilize monthly data collected from MNOs in Seoul, which
include busy-hour RB utilization and corresponding traffic
measurements. From these measurements, band-specific
spectral efficiencies can be derived. For j = 1,...,5,
let w; and n; be the bandwidth (MHz) and the spectral
efficiency (bps/Hz) of band j, respectively. Then, for a given
multi-band RB utilization vector (Ri, Ry, R3, R4, R5), the
traffic T processed in the cell site (in Mbps) can be computed
as T = Z;zl Rjwjn;. In this study, the spectral efficiency
values were derived from MNO-provided measurements
obtained during the same months in which our RB utilization
data were collected. Figure 6 presents a histogram of the
resulting cell-site traffic distribution. The traffic exhibits an
approximately symmetric bell-shaped pattern.

The above calculations can be incorporated into network-
level simulations. In particular, the conditional probability
distribution P(Ry, ..., R5|T) for a specified cell-site traffic
level T can be obtained from the estimated multivariate
distribution of multiband RB utilization. This conditional
distribution enables Monte Carlo simulation of how a
cell allocates resources across multiple frequency bands in
response to imposed traffic.

VIl. CONCLUSION
In this work, we presented a comprehensive methodology for
accurate multivariate density estimation in low-dimensional
settings, with a particular focus on modeling dependencies
among frequency band utilizations in mobile communica-
tion networks. Building on the R-vine copula framework,
we developed an efficient algorithm that exhaustively
enumerates and evaluates all admissible vine structures.
This exhaustive search remains computationally feasible and
practically effective when the dimensionality is moderate.
To enhance modeling flexibility, we incorporated GMCMs
into each pair-copula component and derived exact gradients
to enable fully differentiable likelihood-based parameter
learning.

The proposed framework was applied to real-world LTE
multiband resource usage data. Empirical evaluations showed
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that the estimated distributions fit the observed data well,
as supported by goodness-of-fit testing, and that the model
can provide interpretable insights into multiband spectrum
utilization behavior. Beyond this application, the proposed
approach offers a principled and flexible solution for learning
interpretable joint distributions in low-dimensional multivari-
ate settings. Such capabilities are particularly valuable in
domains where strong dependencies exist among variables
and model transparency is essential.

APPENDIX A

PROOF OF PROPOSITION 2

For convenience, we denote G; when the number of elements
is k as Gy for 1 < I < k — 1. Since Gi,1 consists of
the pairs of two elements in {1,...,k}, |G.1| = (];) For
k = 3, any two elements in G3,1 can make an edge. Thus,
we have ’93 2| ( ) = 3. For the use of inductive argument,
weassumethat|gkk 1|——x2(2)fork—3 4,...,d—1.

Now, Weshowthat|gdd 1| = —><2( 2) Forl <k <d-2,

any element in G4 x has a complete union of size k + 1. For
a € Gq k., the number of elements in G4  that have the same

complete union of a is equal to |Gey1 x| = EH2 2(k§1),

ie. [{b € GaxlUa=Up}| = [Grs1.4]- Since {1, ..., d} has
(kil) subsets of size k + 1, we have
d 1 d et
|Gax| = (k+ 1) X |Gryra| = (),

d—k—1D!2

For an elementa € Gy 4-3,let Ny, = {b € Gy 4—3|{a, b} €
Gd.d—2}- By the symmetry, for every node a € Gy 43, |N|
is the same. Also, an edge {a, b} serves for counting of 1 in
both |NV,| and | N}, |. Thus, we have the relation

|Ga.a—3| x Nl
e =

and

|Ga.a—]

|Ga.a—3]

“ d—(d-3)-1)! (@=3d=—d=4)d=5)
d-d-2)—1)

=2 x 2473,

IVal =2 x

Since an a € Gy, 4—3 has the complete union of size d — 2,
there are c1,cp € {1,...,d} such that U, U {c1, 2} =
{1, ...,d}. Thus, among the elements of N, 24-3 elements,
which are the half, contain c; in their complete unions,
and the other half contains ¢, in their complete unions. Let

./V‘a,l = {b € My|c1 € Up} and ./\/’a,z = {b € Nylcz € Up).
An edge belonging to G4 4—1 that shares a has the form of
{{a, a1}, {a, ax}} where a; € N 1 and a, € N, ». Thus, there
are 2973 x 24-3 = 22d-6 glements in Ga.4—1 that shares a.
Finally, we have

|Ga.a—1| = ‘gd d—3 x 22470

1 | d—ayd— _
_ ld_z(d 4) 226 _ iz(d 4)2(d 5)+4d212_1
212 2
12 | -2y e
_ d!_a —3dx6 d.2(d 269 _ éz(dzz).
2
APPENDIX B
PROOF OF PROPOSITION 3
We have
=g (g"(u; 0): 9) :
Differentiating the left-hand side with respect to 6 gives
ou
30
Differentiating the right-hand side with respect to 6 gives
d 0
—1 -1
— ;0 ;9) = —g; ‘ — 0
8eg(g (u: 0) ayg(y )y ) 908 (u: 0)
0
+ —g(yv; 0 ‘ .
BOg(y )y=g*‘(u:9)

Equating the above two equations gives the result.

APPENDIX C
GRADIENT OF LOG-LIKELIHOOD
We first derive the derivatives of £ with respect to
{iito<k<k j=12:

0

—Z —logf@,l yia) — —log )
a,ka] i—1
(16)

The first term of (16) expands to the expression in (17), as
shown at the bottom of the page.
For the first term in the numerator of (17), we have

d 1
Y ) ) O I - N A_ 2 2
Bys ¢(y,1 yi2; 0, 1) = by 2 ex P( =i +)’,2))

= ¢Wi1,yi2; 0, 1) - (_yij)- (18)
For the second term in the numerator of (17), we obtain the

expression in (19), as shown at the bottom of the next page,
where j € {1, 2} \ {j}. The third term in the numerator of (17)

%kj {7Tl¢>(yi1,)’i2; 0,1+ Z{iz it Yizs By Ez)]

0
— logf (i1, yin) =
k) SAL fQit,yi2)

ayj
ﬁm {711¢(yzl,y12, 0,I) + Zz > TP(Yit, yizs My, 21)} + Ty — 0uk oW1, yios Mg, X))
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expands to the expression in (20), as shown at the bottom of
the page.

For the second term of (16), we obtain the expression
in (21), as shown at the bottom of the page. For the first and
second term in the numerator of (21), we have

For this, we have

9
B Tk g POVits Yizs Ms Tk
—— logf (i1, yi2) =
APk o fits yi2)
The numerator of (27) expands to the expression in (28), as

)

27)

8 1 shown at the bottom of the next page.
dyy ¢(y,, Vi 2 \/_ y i) = 0= To derive the derivatives of £ with respect to
{vii}a<k<k.i=1.2.3, we need to calculate the derivatives of o};’s
and jI2<k<K,j=12, 9
and py’s with respect to vi;’s. From akzl = v,% 1» we have
9 . 2 . 2 Yij — M
_¢(Yij" Hkjs Ukj) = ¢(yl]7 Hkjs ij) = | A0k 1 .
ayij o —— = sign(vg).
Y Vi1
respectively. The last term in the numerator of (21) is 5 ) )
From o, = vi; + vi3, we have
2 g of) = o T
8M Yijs Mkjs ki) = Yijs Mkjs kj doka ) T 1 ) T
g v~ vl TV = 0 i) e
Next we derive the derivatives of £ with respect to k2 vk§2
{vij}o<k<k j=1,2,3. To this end, we first derive the derivatives =,
of £ with respect to {okj}o<k <k j=1.2 k2
G J= dory Vi3
ks ok
=D \a—logf (i1, yi2)— —10g1/f()’)) (22)
36/9 ;( o 7Y From
The first term of (22) expands to the expression in (23), as _ VkVk2 Vk1Vk2 — Sign(vp)) ——me—
shown at the bottom of the next page. Since the first two terms THITR2 |y ] /vE, + vEy VVia + Vk3
are dealt with in (18) and (19), we focus on the last term in
the numerator of (23). It expands to the expression in (24), as we have
shown at the bottom of the next page. ook 0
For the second term of (22), we have the expression in (25), e,
as shown at the bottom of the next page. With the same \/7 12
argument to above, we focus on the last term of the numerator —sign(ve1) Ve TVi3 sz(sz + Vks)
in (25), which is expanded to the expression in (26), as shown avkz sz + Vk3
at the bottom of the next page. 1 .
Next we derive the derivatives of £ with respect to = sign(vg1) (— — kz)
{Pr}2<k<k oo
9 29 VkZVk3
—L =) —logf(i1,yi)- = sign(vg1)
3,0k ; a,Ok gf(ytl YI2) aVk
9 0 1 1 yit = te1 )’
T 00, v b, i) = 5 — exp(—21 5 [(
Yij Yij 27‘[01(10'](2,/1—,0]% ( _'Ok) Ok1
L o o 2
L pp YT My~ e (yzz Mkz) ])
Ok1 Ok2 0)2
1 Yij — Mkj Yij = i
= ¢, yios Mg» k) | — 25—~ - 20— )¢ . (19)
2(1 — pp) o Ok10k2
0 ! vi— g o Vi My
—— (it yio: > Ta) = POt yiz: B> Tn) | — | 2" +2—— )} (20)
0 2(1 — pp) T Ok10k2
3 ﬁkj {ﬂ1¢(yij) + 2 My Mlj,Ulf)}
— log ¥ (yy) =
O Lk Vi(vij)
ayi
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In sum, with the above equations, we have Finally, we derive the derivatives of £ with respect to
9 9 9 {ak}szl. To this end, we first derive the derivatives of £ with
_ Jou respect to {nk}szl
Vi1 V1 dok1 9 nog 5
0 p_ % 0 . 0 9 . SoL= (a— logf (yi1, yin) = 5 log wj(yw) . (9)
Vi2 V2 d0k2 dvk2 Ipk T o \9Tk Tk
9 = doka 0 L+ ok ig_ For the first term of (29), we obtain the expression in (30), as
k3 dvk3 dok2 9vk3 Opx shown at the bottom of the page. For the second term of (29),
dy;

9 3;:,:] Byp {771¢>(y11 yi2: 0, 1) + 35, md (it vios 21)} + Tk 5o 3ak dOit, yi2s Ry Xk)
—logf(yi1, yi2) = . (23)
doy; fi,yi2)

9 B, v s Ti) 9 1 exp( 1 [ (yil - Mk1)2 00 ST k1 Y2 12
T PWit, yi2; K = - 5 -
doy; doy; 2001050/ 1 — ,0,% 2(1 = pp) Ok1 Ok1 Ok2
n (yi2 - Mk2)2 ])
Ok2
2
1 1 2 yij— 1y
= oW1, yizs Mis i) (——) +oOit, yizs B, i) | — [— S A <
oY 2(1 — ) Of;j O
n 20 yit — M1 Yi2 — Mk2]
Ok Okl Ok2
2
=—dOil, yio; M, ):k)( ) [1 [ - yll_z'“kf Fo (yzl Mkl) (ylz Mkz) ”
Okj (I- ) Oj Ok1 Ok2
(24)
dy;
D o) = Tok 2o { oGy + s T 1y, 05)} + Tk g OOV Mg ) 03)
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o BV Vi(vij)
d . 2 . 2 1 . N L (v — 1
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1 vi = g\’
= —p(vij: tij Og)— [1 - (g) : (26)
Okj Okj

d
00t yi2s s i)
9Pk

Pr
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Pk vit — i\, (v — 2\’ L+ it — et Yi2 — Mk
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1-— ,o,f 1- ,f Ok1 Ok2 1- ,0,% Ok1 Ok2 '
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— logf (i1, yi2) = (30)
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dy;
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we obtain the expression in (31), as shown at the bottom of

the

previous page. Note from (14) that

am, explen) (Xf s explan) — (expen))?

9 2
ak (lec(’:] exp(ak/))
:7[]((1 - ﬂk)?
am; exp(a;)
— =exp(oy) | — P 5 | = Tk
day

(2 explan)

In sum, we have

K K
0 om; 0 0
— L= — L= 7w (Lyj=py — 1)) —L.
dor P dotg 07 IZI: KL=k 1)37'[1
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