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 a b s t r a c t

An integrated control structure that combines Gaussian process regression (GPR) and a disturbance observer 
(DOB) is proposed for a core-type linear motor that is affected by patterned disturbance and model mismatch. 
The conventional controller is a DOB-based feedforward/feedback structure, and the compensation performance 
is limited by the fixed bandwidth of the 𝑄-filter and the estimation bias that appears under model uncertainty. In 
addition, the effective frequency is shifted by the motion velocity, and disturbance rejection is degraded under 
a fixed-bandwidth design.
 A two-input single-output GPR (TISO-GPR) that uses the position and the velocity as inputs is designed to 
model a lumped disturbance. A periodic kernel is applied on the position axis to represent the spatial period, and 
a kernel that reflects the velocity-dependent disturbance component is applied on the velocity axis, where the 
spatial period is fixed by the device geometry and consistent prediction on the position axis is enabled beyond 
the training range. The disturbance estimated by the DOB is used for training, and the posterior mean estimate 
is used as the compensation signal in the feedback loop, which is inserted as an internal feedback compensation 
signal within the DOB-based structure. A time-domain analysis shows that the compensation is bounded and that 
a small-gain condition guarantees BIBO stability. Experiments confirm that the proposed method improves the 
tracking performance and robustness.

1.  Introduction

Core-type linear motor stages are widely used in semiconductor, dis-
play, and precision manufacturing equipment, and high thrust density 
and strong mechanical rigidity are considered advantages (Gao et al., 
2023; Li et al., 2017). The thrust is generated by the interaction be-
tween the iron core in the mover and the permanent magnets that are 
placed at periodic intervals (Ahmed et al., 2019; Yang & Zhou, 2023). 
However, this structure produces patterned disturbances that include a 
position-dependent repetitive component and additional variations that 
change with the operating condition (Wang et al., 2023). Industrial sys-
tems require a long stroke, high speed, and micrometer-level tracking 
accuracy, and the control bandwidth and robustness are treated as key 
performance measures (Wang et al., 2024). Under these requirements, 
the patterned disturbance and the model uncertainty of core-type linear 
motor stages remain factors that limit the control performance.
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The target disturbance consists of a position-based periodic compo-
nent and a velocity-dependent component (Liu et al., 2023; Tan et al., 
2004). Under constant velocity, the position-based component is ob-
served as a repetitive pattern in the time domain, and the period be-
comes shorter as the velocity becomes higher (Yang & Zhou, 2023). In 
acceleration and deceleration intervals, the effective frequency and the 
amplitude vary at the same time, and a nonlinear shape appears. In the 
position domain, the spatial period remains constant, while in the ve-
locity domain, the disturbance shows a slow trend that depends on the 
velocity (Sasaki et al., 2024). Because of this dual property, the effective 
frequency of the disturbance moves with the velocity, and compensation 
becomes difficult under a fixed-bandwidth controller, and the control 
error increases when a model mismatch exists.

Repetitive control (RC), iterative learning control (ILC), and peri-
odic DOB are widely used to remove periodic disturbances (Aarnoudse 
et al., 2024; Cho & Nam, 2021; Rogers et al., 2024). RC suppresses the
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\begin {equation}F_\mathrm {cog}(x) = F_\mathrm {cog}(x + \tau ), \label {eq:dist_peri_ori}\end {equation}


$\tau $


\begin {equation}F_\mathrm {cog}(x, \dot {x}) = \alpha (\dot {x}) \cdot \sin \left ( \omega _{\mathrm {cog}} \right ) + \beta (\dot {x}), \label {eq:dist_peri_add}\end {equation}
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\begin {equation}Q(s) = \frac {\omega _q^{n_r}}{(s + \omega _q)^{n_r}}, \label {eq:Q-filter}\end {equation}
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\begin {align}G_{x_d \rightarrow x}(s) \simeq & 1, \label {eq:T_1}\\ G_{d \rightarrow x}(s) \simeq & 0, \label {eq:S_1}\end {align}
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\begin {equation}G_{d\rightarrow \hat d}(s) = \frac {Q(s)P(s)\left (C_{FB}(s)+P_n^{-1}(s)\right ) }{1-Q(s) + \left (C_{FB}(s)+Q(s)P_n^{-1}(s)\right )P(s)} , \label {Xeqn6-12}\end {equation}
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\begin {equation}y_g = d_g - \text {mean}(d_g) \label {Xeqn7-14}\end {equation}
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\begin {equation}\mathbf {x} = [x, \dot {x}]^\top \in \mathbb {R}^{2}. \label {Xeqn8-15}\end {equation}
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\begin {equation}\hat {y}_g = f(\mathbf {x}) + \varepsilon , \label {Xeqn9-16}\end {equation}
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\begin {equation}\mathcal {D} = {(\mathbf {x}_i, \hat {y}_i)}_{i=1}^{N}, \quad \mathbf {x}_i \in \mathbb {R}^2, \quad \hat {y}_i \in \mathbb {R}, \label {Xeqn10-17}\end {equation}
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$f(\mathbf {x})$


\begin {align}f(\mathbf {x}) \sim \mathcal {GP}(0, k^{\mathrm {ps}}(\mathbf {x}, \mathbf {x}')),\end {align}


$k(\mathbf {x}, \mathbf {x}')$


\begin {align}k^{\mathrm {ps}}(\mathbf {x}, \mathbf {x}') &= k_x^{\mathrm {pe}}(x, x') + k_{\dot {x}}^{\mathrm {se}}(\dot {x}, \dot {x}'), \label {eq:prop_kernel}\\ k_x^{\mathrm {pe}}(x, x') &= \sigma _{f,x}^2 \exp \left (-\frac {2\sin ^2(\frac {\pi |x - x'|}{\tau })}{\ell _x^2}\right ), \label {eq:kx} \\ k_{\dot {x}}^{\mathrm {se}}(\dot {x}, \dot {x}') &= \sigma _{f,\dot {x}}^2 \exp \left (-\frac {(\dot {x} - \dot {x}')^2}{2\ell _{\dot {x}}^2}\right ) \label {eq:kxdot},\end {align}
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\begin {align}&\bar {y}_* = \mathbf {k}_*^\top (\mathbf {K} + \sigma _n^2\mathbf {I})^{-1}\mathbf {y}, \label {eq:postermean}\\ &\text {cov}(y_*) = \mathbf {k}_{**} - \mathbf {k}_*^\top (\mathbf {K} + \sigma _n^2\mathbf {I})^{-1}\mathbf {k}_*, \label {eq:postervariance}\end {align}
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\begin {equation}\hat {d}_g = \bar {y}_* + \text {mean}(d_g), \label {Xeqn11}\end {equation}
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\begin {align}k^{\mathrm {ds}}(\mathbf {x}, \mathbf {x}') = k_x^{\mathrm {se}}(x, x') + k_{\dot {x}}^{\mathrm {se}}(\dot {x}, \dot {x}'). \label {eq:conv_kernel}\end {align}
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$\theta =[\sigma _{f,x}, \ell _x, \sigma _{f,\dot {x}}, \ell _{\dot {x}}, \sigma _n]$
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\begin {equation}J_{MAP} = J_{LML} + J_{prior} \label {Xeqn12-26}\end {equation}
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\begin {equation}J_{LML}=\log p(\mathbf {y}|\mathbf {X},\theta ) = -\frac {1}{2}\mathbf {d}^\top \left (\mathbf {K}+\sigma _n^2\mathbf {I}\right )^{-1}\mathbf {d} -\frac {1}{2}\log \left |\mathbf {K}+\sigma _n^2\mathbf {I}\right |, \label {Xeqn13-27}\end {equation}
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\begin {equation}J_{prior}(\boldsymbol {\phi },\boldsymbol {\psi }) = (\theta -\boldsymbol {\phi })^\top \mathbf {P}^{-1} (\theta -\boldsymbol {\phi }), \label {Xeqn14-28}\end {equation}
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\begin {equation}C_\mathrm {FF}(s) = P_n^{-1}(s)= M_n s^2 + B_n s, \label {Xeqn15-29}\end {equation}
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\begin {align}\hat {d}_g(t) = \mu (x(t),\dot {x}(t)),\end {align}
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\begin {equation}\lim _{\ell _x^2 \to 0} k_x(x_t, x_l(j)) = \begin {cases} \sigma _{f,x}^2 & \text {if } x_t - x_l(j) = k\tau , \\ 0 & \text {if } x_t - x_l(j) = \frac {(2k+1)\tau }{2}, \end {cases} \label {Xeqn16-32}\end {equation}
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\begin {equation}\lim _{|\dot {x}_t - \dot {x}_l(j)| \to \infty } k_{\dot {x}}(\dot {x}_t, \dot {x}_l(j)) = 0, \label {Xeqn17-36}\end {equation}
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fundamental period and its harmonics based on the internal model prin-
ciple (Aarnoudse et al., 2024), and a high rejection gain is achieved 
when the reference period and the sampling are synchronized. ILC 
corrects the trial error in repeated tasks or identical trajectories and 
achieves precise tracking (Tsurumoto et al., 2024). Periodic DOB uses 
position synchronization and phase information so that the disturbance 
estimation of the DOB is reinforced in a periodic manner (Li et al., 2022). 
However, these approaches assume a fixed period and a reference pro-
file, and the compensation can fall outside the effective band when the 
velocity changes and the effective frequency moves. Sensitivity to model 
mismatch and reference variation also remains. Therefore, data-based 
disturbance compensation is required that can address velocity change 
and model uncertainty while the basic control structure is kept.

Data-based compensation has been studied to estimate and cancel 
specific disturbances while maintaining the conventional control struc-
ture. High-order function fitting provides reasonable performance (Wu 
et al., 2024a,b), but the method requires high design effort for model 
order and parameter tuning, and it is sensitive to modeling error. GPR-
based compensation shows good performance (Beckers et al., 2022; 
Mooren et al., 2024, 2022), although the computation load can be signif-
icant, and many studies place the compensation in a feedforward path, 
which limits the closed-loop robustness. In recent TISO-GPR based com-
pensation, an Squared Exponential (SE) kernel is often used as a default 
option (Sasaki et al., 2024). In this context, the spatial periodicity in 𝑥
and the slow bias in 𝑥̇ are treated as distinct physical properties. There-
fore, a kernel is required that explicitly encodes the spatial periodic-
ity n the motor position 𝑥 and models the velocity-dependent bias in 
the motor velocity 𝑥̇ separately, where 𝑥 and 𝑥̇ denote scalar state vari-
ables of the linear motor. Unlike common feedforward implementations, 
the GPR posterior mean is inserted as an internal feedback compensa-
tion signal within the DOB-based two-degree-of-freedom structure. In 
addition, boundedness of the compensation signal is characterized and 
a sufficient condition for BIBO stability is derived for the integrated 
DOB/GPR structure.

The present work keeps the original DOB-based two-degree-of-
freedom control structure and adds a data-based compensation path in 
parallel. The disturbance is estimated by a TISO-GPR that uses the posi-
tion and the velocity as inputs, where an additive kernel is constructed 
using a periodic kernel on 𝑥 and an SE kernel on 𝑥̇. Extrapolation on the 
position axis 𝑥 is enabled outside the training range because the spatial 
period is fixed by the device geometry.

In summary, the main contributions of this paper are as follows:

1. A structure is proposed that estimates the lumped disturbance di-
rectly by a TISO-GPR that uses an additive kernel composed of a 
periodic kernel on 𝑥 and an SE kernel on 𝑥̇, so that the spatial period 
from the device geometry and the velocity dependence are reflected 
separately.

2. The DOB-based two-degree-of-freedom control structure is pre-
served, and a GPR compensation path is added in parallel with the 
DOB as a feedback path, so the DOB-based 2-DoF controller keeps 
its usability and easy tuning.

3. A BIBO stability condition is derived in the time domain based on 
a small-gain argument, and experiments show that the performance 
improvement is maintained under various operating conditions.

2.  Problem formulation

2.1.  Brief description of core-type linear motor stage

A core-type linear motor, as shown in Fig. 1, is widely used in preci-
sion positioning systems that require high thrust density and structural 
rigidity. The thrust is generated by the magnetic interaction between 
strong permanent magnets attached to the stationary part with an in-
terval and the iron core inside the moving carrier that travels along the 
magnets.

Fig. 1. Iron core-type linear motor stage.

Fig. 2. Block diagram of the conventional robust model-based control.

However, a structural characteristic induces a nonlinear position-
dependent disturbance that is known as cogging force. The cogging force 
varies with the mover position and is determined by the geometric con-
figuration of the magnets arranged at constant intervals and the iron 
core. Therefore, the cogging force 𝐹cog can be expressed as a static func-
tion of the position 𝑥, and it has the following periodicity:
𝐹cog(𝑥) = 𝐹cog(𝑥 + 𝜏), (1)

where 𝜏 denotes the spatial period determined by the magnet pitch of 
the stator (pole pitch).

At constant velocities, the cogging force is periodic in time. When 
the velocity varies, it becomes nonperiodic because the passage time of 
the mover iron core across each magnet changes. A velocity-dependent 
offset is likewise observed, which is attributed to changes in flux linkage 
or back EMF (Sasaki et al., 2024), and the amplitude or phase of the 
disturbance changes accordingly. This velocity dependence distorts the 
waveform in time or position, and the controller performance is affected. 
Hence (1) is specified as follows.
𝐹cog(𝑥, 𝑥̇) = 𝛼(𝑥̇) ⋅ sin

(

𝜔cog
)

+ 𝛽(𝑥̇), (2)

where 𝛼(𝑥̇) denotes the velocity-dependent amplitude, and 𝛽(𝑥̇) denotes 
the baseline offset that represents a velocity-dependent bias, especially 
at high velocity, 𝜔cog = 2𝜋𝑥∕𝜏 represents the spatial excitation deter-
mined by the mover position and the pole pitch 𝜏.

Damping and viscous friction vary with velocity (Yang & Zhou, 
2023), whereas the rigid-body parameters, including the nominal damp-
ing 𝐵𝑛, are treated as a constant in the nominal model. This plant/model 
mismatch is not estimated by the DOB, so it appears as a velocity-
dependent bias in the disturbance estimate and the compensation per-
formance is degraded (Sasaki et al., 2024).

2.2.  Disturbance observer design based on frequency domain approach

Fig. 2 shows the conventional integrated control consisting of the 
feedback, the feedforward controllers, and the DOB. This control scheme 
is widely used because it maintains a simple architecture while improv-
ing tracking performance. The DOB estimates the lumped disturbance 
using the nominal model, and low-frequency disturbance is removed 
effectively inside the DOB bandwidth, although the performance is con-
strained by modeling error and the selection of the bandwidth.

The feedback controller 𝐶𝐹𝐵 is designed as
𝐶𝐹𝐵(𝑠) = 𝐾𝑝 +𝐾d𝑠, (3)
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where 𝐾𝑝 and 𝐾d are proportional, derivative gain, respectively. 
Whereas, the feedforward controller 𝐶𝐹𝐹  is constructed from the inverse 
of the nominal model:
𝐶𝐹𝐹 (𝑠) = 𝑃−1

𝑛 (𝑠), (4)

where 𝑃𝑛(𝑠) is the nominal model that approximates the actual plant 
𝑃 (𝑠), and it is represented by the rigid-body dynamics with the nominal 
mass 𝑀𝑛 and the nominal damping 𝐵𝑛.

The DOB is composed of the nominal model 𝑃𝑛(𝑠) and the 𝑄-filter. 
The 𝑄-filter is designed as

𝑄(𝑠) =
𝜔𝑛𝑟
𝑞

(𝑠 + 𝜔𝑞)𝑛𝑟
, (5)

where 𝜔𝑞 is the cut-off frequency that determines the bandwidth of the 
𝑄-filter and 𝑛𝑟 is the relative degree of the nominal model.

In Fig. 2, 𝑥𝑑 , 𝑥, 𝑥̇, and 𝑑 denote the position command, the measured 
position, velocity, and the undesired disturbance, respectively. The error 
is defined as 𝑒 = 𝑥𝑑 − 𝑥 and 𝑢 represent the control effort applied to the 
plant. The disturbance estimate 𝑑𝑑 obtained by the DOB.

The closed-loop behavior of the conventional integrated control is 
given as follows:

𝐺𝑥𝑑→𝑥(𝑠) =

(

𝐶𝐹𝐵(𝑠) + 𝐶𝐹𝐹 (𝑠)
)

𝑃 (𝑠)

1 −𝑄(𝑠) +
(

𝐶𝐹𝐵(𝑠) +𝑄(𝑠)𝑃−1
𝑛 (𝑠)

)

𝑃 (𝑠)
, (6)

𝐺𝑑→𝑥(𝑠) =
1 −𝑄(𝑠)

1 −𝑄(𝑠) +
(

𝐶𝐹𝐵(𝑠) +𝑄(𝑠)𝑃−1
𝑛 (𝑠)

)

𝑃 (𝑠)
, (7)

where (6) and (7) describe the transfer functions from the position ref-
erence 𝑥𝑑 and the external disturbance 𝑑 to the measured position 𝑥, 
respectively.

Since (5) is designed as a low-pass filter, (6) and (7) are simplified 
in the frequency region where 𝑄(𝑠) ≃ 1 as follows.
𝐺𝑥𝑑→𝑥(𝑠) ≃1, (8)

𝐺𝑑→𝑥(𝑠) ≃0, (9)

This result shows that the conventional integrated control removes mod-
eling error and low-frequency disturbance effectively when 𝑄(𝑠) ≃ 1. 
When 𝑄(𝑠) ≃ 0, the closed-loop behavior is approximated by:

𝐺𝑥𝑑→𝑥(𝑠) ≃
(𝐶𝐹𝐵(𝑠) + 𝐶𝐹𝐹 (𝑠))𝑃 (𝑠)

1 + 𝐶𝐹𝐵(𝑠)𝑃 (𝑠)
, (10)

𝐺𝑑→𝑥(𝑠) ≃
1

1 + 𝐶𝐹𝐵(𝑠)𝑃 (𝑠)
, (11)

where (10) and (11) indicate that the DOB does not contribute outside 
its bandwidth and that the disturbance rejection depends only on the 
feedback controller.

The effectiveness of the DOB depends on the bandwidth set by the 
𝑄-filter, and a higher cutoff frequency improves disturbance rejection 
at the cost of increased noise sensitivity and modeling error.

2.3.  Disturbance analysis based on two domains

In this section, the disturbance estimation obtained by the DOB 
is analyzed in the position and velocity domains to clarify the state-
dependent structure of the disturbance and to present the necessity of 
(𝑥, 𝑥̇)-based compensation.

The disturbance estimation performance of the DOB is expressed as 
𝐺𝑑→𝑑 (𝑠), which can be obtained from Fig. 2 as follows:

𝐺𝑑→𝑑 (𝑠) =
𝑄(𝑠)𝑃 (𝑠)

(

𝐶𝐹𝐵(𝑠) + 𝑃−1
𝑛 (𝑠)

)

1 −𝑄(𝑠) +
(

𝐶𝐹𝐵(𝑠) +𝑄(𝑠)𝑃−1
𝑛 (𝑠)

)

𝑃 (𝑠)
, (12)

when 𝑃 (𝑠) ≈ 𝑃𝑛(𝑠) and 𝑄(𝑠) ≈ 1, it becomes 𝐺𝑑→𝑑 (𝑠) ≈ 1, and the dis-
turbance is estimated accurately. When the upper limit of the effec-
tive bandwidth of 𝑄(𝑠) is defined as 𝜔𝑄, the spatial periodic compo-
nent can be estimated sufficiently if 𝜔cog < 𝜔𝑄. On the other hand, when 
𝑃 (𝑠) ≠ 𝑃𝑛(𝑠) or 𝜔cog ≳ 𝜔𝑄, the estimation error increases.

Fig. 3. Frequency response function of the core-type linear motor stage in Fig. 1.

Fig. 4. Disturbance estimated by the DOB in the time domain.

Fig. 5. Disturbance characteristics in position and velocity domains:lumped dis-
turbance 𝑑(𝑥, 𝑥̇) visualized as a 3D plot.

The target system of this study, the core-type linear motor stage 𝑃 (𝑠), 
is shown in Fig. 1, and the frequency response function of 𝑃 (𝑠) is shown 
in Fig. 3. The nominal model 𝑃𝑛(𝑠) is defined as a rigid model with 
𝑀𝑛 = 0.2621 and 𝐵𝑛 = 3. The test trajectory is designed so that the mo-
tion starts from rest and reaches constant velocities of 0.15 and 0.35m∕s, 
and the two constant-velocity intervals are connected smoothly with 
an acceleration phase. The disturbance in the time domain is shown in 
Fig. 4.

In the time domain, the disturbance depends on the motion condi-
tion. Under constant velocity, a repeating pattern is observed and the 
period becomes shorter as the velocity increases. During acceleration 
and deceleration, the frequency and amplitude change over time, so the 
disturbance becomes nonperiodic.

The disturbance in Fig. 4 is represented in the state-variable do-
main as the 3D distribution shown in Fig. 5. The disturbance exhibits 
a position-dependent repetitive pattern with a fixed spatial period, and 
the amplitude and offset vary with the velocity.

Therefore, the unknown disturbance can be represented by the de-
composed model as 
𝑑(𝑡) = 𝑑𝑝(𝑥) + 𝑑𝑣(𝑥̇) + 𝜖(𝑡), (13)
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where 𝑑𝑝(𝑥) denotes the spatial periodic component, 𝑑𝑣(𝑥̇) denotes the 
velocity-dependent offset component, and 𝜖(𝑡) represents the residual 
or modeling error, including unmodeled dynamics and DOB model mis-
match. This representation can be limited when the residual deviates 
from a static function of (𝑥, 𝑥̇) under strong acceleration or contact/im-
pact, which is outside the scope of this paper.

In the constant-velocity phase, 𝑑𝑝(𝑥) is dominant as a periodic sig-
nal in the time domain, and its fundamental frequency is given by 
𝜔(𝑡) = 2𝜋𝑥̇∕𝜏. In the acceleration and deceleration phases, 𝜔(𝑡) varies 
with time, resulting in a time-varying waveform, and the influence of 
𝑑𝑣(𝑥̇) becomes observable. In contrast, in the position domain, 𝑑𝑝(𝑥)
maintains a consistent pattern because it has a fixed spatial frequency.

On the other hand, since 𝑄(𝑠) has a fixed bandwidth, 𝜔cog exceeds 
𝜔𝑄 at high velocity, leading to a decrease in estimation and compen-
sation performance. In the acceleration and deceleration phases, 𝜔cog(𝑡)
varies with time, results in difficulty in responding to time-varying char-
acteristics in the time domain. Residual disturbance increases during the 
transient intervals in Fig. 4, indicating the bandwidth limitation of 𝑄(𝑠). 
Therefore, the disturbance estimate obtained from the DOB can be un-
reliable when 𝜔cog ≳ 𝜔𝑄, and this operating region is treated as outside 
the reliable estimation range.

The disturbance of the system is represented as 𝑑(𝑥, 𝑥̇), which com-
bines the position-dependent and velocity-dependent components. With 
a fixed-bandwidth DOB, it is difficult to simultaneously handle the fre-
quency shift caused by velocity variation and the model mismatch. 
Therefore, an additional compensator utilizing both state variables as 
inputs is required. It is particularly important to consider the character-
istics of each state variable appropriately.

3.  Design of two-input single-output Gaussian process regression 
model

3.1.  Two-input single-output Gaussian process regression based on periodic 
and squared exponential kernels

The GPR is a non-parametric regression method. In this study, a GPR-
based disturbance model is constructed from position 𝑥 and velocity 𝑥̇
so that the composite disturbance can be learned from data. Since real-
world data may contain bias, the observations are centered by subtract-
ing the sample mean, so that a zero-mean Gaussian distribution can be 
assumed (Topa et al., 2015).

Let the actual disturbance be denoted as 𝑑𝑔 , and a compensated dis-
turbance 𝑦𝑔 is defined by subtracting the mean of 𝑑𝑔 so that the positive 
bias in the dataset is removed. Specifically, the compensated disturbance 
𝑦𝑔 is given by:
𝑦𝑔 = 𝑑𝑔 −mean(𝑑𝑔) (14)

This transformation ensures that the distribution of the disturbances 
has zero mean, which is assumed during the training of the GPR model. 
The input of GPR is defined as a two-dimensional vector composed of 
position 𝑥, and velocity 𝑥̇:
𝐱 = [𝑥, 𝑥̇]⊤ ∈ ℝ2. (15)

The output of the GPR model is the predicted compensated disturbance 
𝑦̂𝑔 , which is obtained as:
𝑦̂𝑔 = 𝑓 (𝐱) + 𝜀, (16)

where 𝑓 (𝐱) represents the latent function of the state-dependent distur-
bance, and 𝜀 is Gaussian noise with zero mean and variance 𝜎2𝑛 that 
includes measurement noise and residual error.

The training dataset  is defined as:
 = (𝐱𝑖, 𝑦̂𝑖)𝑁𝑖=1, 𝐱𝑖 ∈ ℝ2, 𝑦̂𝑖 ∈ ℝ, (17)

where 𝐱𝑖 is the input vector composed of position and velocity, 𝑦̂𝑖 is 
the disturbance 𝑦𝑔 corresponding to the state 𝐱𝑖, and 𝑁 is the number 
of training dataset, respectively. Based on this dataset, the GPR model 

is trained, where the dataset is collected within the reliable estimation 
range of the DOB because the regression target is generated from the 
disturbance estimation of DOB.

The function 𝑓 (𝐱) is assumed as a Gaussian process with zero mean, 
which is assumed after compensating for the bias in the data: 
𝑓 (𝐱) ∼ (0, 𝑘ps(𝐱, 𝐱′)), (18)

where 𝑘(𝐱, 𝐱′) is defined in an additive form to encode the dominant 
position- and velocity-dependent components in (13), rather than to im-
ply exact physical independence.
𝑘ps(𝐱, 𝐱′) = 𝑘pe𝑥 (𝑥, 𝑥′) + 𝑘se𝑥̇ (𝑥̇, 𝑥̇

′), (19)

𝑘pe𝑥 (𝑥, 𝑥′) = 𝜎2𝑓,𝑥 exp
⎛

⎜

⎜

⎝

−
2 sin2( 𝜋|𝑥−𝑥

′
|

𝜏 )

𝓁2
𝑥

⎞

⎟

⎟

⎠

, (20)

𝑘se𝑥̇ (𝑥̇, 𝑥̇
′) = 𝜎2𝑓,𝑥̇ exp

(

−
(𝑥̇ − 𝑥̇′)2

2𝓁2
𝑥̇

)

, (21)

Here, 𝑘ps∙  represents the periodic kernel (PE) that models spatial period-
icity, and 𝑘se∙  represents the SE kernel that models smooth changes of 
velocity-dependent disturbance, including friction effects and the domi-
nant part of the residual term that appears as a velocity-dependent bias, 
and keeps the compensation signal bounded within the trained velocity 
range.

The signal variances 𝜎2𝑓,𝑥, 𝜎2𝑓,𝑥̇ and the length-scales 𝓁𝑥,𝓁𝑥̇ are hy-
perparameters that determine the sensitivity and the local correlation 
structure of the data. The spatial period 𝜏 is fixed to represent the struc-
tural periodicity. Since the geometric spacing of the permanent magnets 
in this stage is known to be 22.5mm, the parameter is set as 𝜏 = 0.0225. 
This value is consistent with the spatial periodicity observed in Sec-
tion 2.3.

The GPR prediction consists of the posterior mean and variance. The 
prediction of the compensated disturbance for 𝑦̄∗ a given input 𝐱∗ is 
given by
𝑦̄∗ = 𝐤⊤∗ (𝐊 + 𝜎2𝑛𝐈)

−1𝐲, (22)

cov(𝑦∗) = 𝐤∗∗ − 𝐤⊤∗ (𝐊 + 𝜎2𝑛𝐈)
−1𝐤∗, (23)

where 𝐊 ∈ ℝ𝑁×𝑁  is the kernel matrix computed from the training in-
puts, 𝐤∗ ∈ ℝ𝑁  is the kernel vector between the test input and the train-
ing inputs and 𝐲 = [𝑦̂1,… , 𝑦̂𝑛]⊤ is the disturbance in the compensated 
form. After obtaining the GP prediction, the original disturbance 𝑑𝑔 is 
recovered by adding the mean value of 𝑑𝑔 back to the result:
𝑑𝑔 = 𝑦̄∗ +mean(𝑑𝑔), (24)

This process ensures that the final prediction reflects the actual distur-
bance, including the compensation for the positive bias in the original 
dataset.

In this study, only the posterior mean 𝑦̄∗ is used as the disturbance 
compensator. The posterior variance cov(𝑦∗) is not applied to the control 
input, but it is used in the analysis to provide a conservative bound on 
the disturbance estimate and is linked to the subsequent stability analy-
sis. Accordingly, the proposed structure integrates the data-driven com-
pensator with the DOB to address the DOB bandwidth/model-mismatch 
limits.

3.2.  Performance and computational comparison of TISO -GPR kernels

In this section, the existing double squared exponential kernel (de-
noted as DS in (27)) is quantitatively compared with the proposed pe-
riodic+SE kernel (denoted as PS in (19)). The comparison provides the 
basis for kernel selection under operating changes by evaluating (i) in-
domain prediction performance for (1)–(3), (ii) extrapolation over the 
full position range, and (iii) the computational time from the view of 
the control cycle. This comparison clarifies the balance between perfor-
mance and complexity under different levels of spatial coverage, and 
provides a quantitative basis for kernel selection.
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Fig. 6. TISO-GPR results with the DS kernels (a-c) and the PS kernels (d-f). Blue dots ∙ indicate the training datasets (1),(2), and (3). The surfaces represent the 
posterior mean ■ inside each training region, and the green line — denotes the prediction along the full test trajectory. (For interpretation of the references to colour 
in this figure legend, the reader is referred to the web version of this article.)

To obtain the training data, the linear motor stage is operated re-
peatedly over the entire 700mm range. The set of constant velocities 
is defined as  = 𝑣1,… , 𝑣10, and the center position of each constant-
velocity section is defined as 𝑥𝑐,𝑖. For each 𝑖, the training window is 
defined as

 (𝑖)
𝑘 =

[

𝑥𝑐,𝑖 −
𝐿𝑘
2
, 𝑥𝑐,𝑖 +

𝐿𝑘
2

]

, (25)

𝐿𝑘 ∈ {125, 225, 325}mm, (26)

where the spatial period is 𝜏 = 22.5mm, and the range lengths are set 
to 𝐿1 = 125mm, 𝐿2 = 225mm, and 𝐿3 = 325mm. For each velocity 𝑣𝑖, 
the position samples inside  (𝑖)

𝑘  and the constant velocity are paired 
to form the training data. The size of the final dataset is proportional 
to the range length and is defined as (1) ∈ ℝ1590,(2) ∈ ℝ2096, and 
(3) ∈ ℝ2460. Each dataset is downsampled beforehand due to the large 
volume of data, which would be too overwhelming to use for training 
the GP. The blue dots in Fig. 6 represent the training data. The kernel 
comparison is performed with the same (𝑘), and the hyperparameters 
of each kernel are optimized independently using maximum a posteriori 
(MAP) estimation, which is based on the log marginal likelihood (LML) 
and prior knowledge of the hyperparameters in the kernel, as described 
in Section 3.3.

The comparison is performed with two kernels under the same TISO 
structure. The baseline model is the double squared exponential kernel 
(DS{1,2,3}), and the proposed model is the periodic+SE kernel (PS{1,2,3}) 
defined in (19). The kernel 𝑘ds of the baseline DS model is expressed as 
follows. 
𝑘ds(𝐱, 𝐱′) = 𝑘se𝑥 (𝑥, 𝑥

′) + 𝑘se𝑥̇ (𝑥̇, 𝑥̇
′). (27)

where 𝑘𝑠𝑒𝑥  and 𝑘𝑠𝑒𝑥̇  are SE kernels with separated signal variances and 
length scales for the position and velocity axes. This DS kernel pro-
vides stable interpolation inside the trained region, whereas the poste-
rior mean tends to zero outside the training range because the SE kernel 
approaches zero as the distance between inputs increases. As a result, 
the spatial periodic pattern on the position axis is not preserved out-
side the trained range, which requires dense coverage over the entire 
operating domain to achieve compensation over the full position range.

Fig. 6 shows the TISO-GPR results of (𝐷𝑆1, 𝐷𝑆2, 𝐷𝑆3) and 
(𝑃𝑆1, 𝑃𝑆2, 𝑃𝑆3) for the three training datasets (1),(2), and (3). The 
blue dots indicate the training data samples used for inference, and each 
surface represents the posterior mean evaluated over the full input do-

Table 1 
RMSE between the measured distur-
bance over the full operating range 
and the GPR prediction trained with 
(1),(2), and (3).

 Kernel (1) (2) (3)

 DS  0.3789  0.2840  0.1550
 PS  0.1516  0.1506  0.1493

main. The green line represents the inference results for the entire test 
trajectory that includes the region outside the training range. These re-
sults allow the prediction characteristics obtained with the two kernels 
to be compared inside and outside the training range.

Fig. 6. (a), (b), and (c) show the results of the TISO-GPR with the DS 
kernel trained with (1),(2), and (3), respectively. The posterior-mean 
surface accurately predicts the behavior of the sample data within the 
training range, confirming stable inference performance of the DS ker-
nel. Outside the training range, however, the position-dependent kernel 
values converge to zero due to the absence of training data, and the pre-
diction therefore depends solely on the posterior mean induced by the 
velocity component. This behavior arises because the SE kernel yields 
kernel values that decay toward zero as |𝑥 − 𝑥′| → ∞, causing the poste-
rior mean to become negligible when the distance between the training 
and test points becomes large.

Fig. 6. (d), (e), and (f) show the results of the TISO-GPR with the 
PS kernel trained with different datasets. Inside the training range, the 
posterior-mean surface predicts the behavior of the sample data in a sta-
ble manner, and a level of accuracy similar to that of the DS kernel is 
maintained. However, in the position region outside the training range, 
the periodic component in the PS kernel remains active. As a result, 
the predicted mean exhibits a spatial periodic pattern, and the position-
dependent disturbance profile appears at positions that are not included 
in the training data. This confirms that effective estimation over the en-
tire position range is possible even when the available training data 
cover only a limited region of the position axis. However, the veloc-
ity axis is based on the SE kernel, and the trained minimum-maximum 
velocity range is required to ensure reliable inference.

Table 1 shows that PS maintains a similar full-range RMSE across 
(1)–(3), whereas DS improves only with denser coverage. Outside 
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Fig. 7. Computation time per prediction versus dataset size 𝑁 .

the training range, the PS kernel preserves the spatial periodic pattern, 
which provides consistent prediction on the position axis with a small 
coverage of training data. The velocity axis is based on the SE kernel, 
and reliable inference is ensured only inside the trained velocity range, 
which is used in the experiment.

The computational cost of GPR training is dominated by the Cholesky 
factorization of the kernel matrix. The training cost is (𝑁3), and the 
memory usage is (𝑁2). The inference uses the inner product between 
the kernel vector 𝐤∗ and the precomputed vector 𝜶 = (𝐊 + 𝜎2𝑛𝐈)

−1𝐲, and 
the per-query cost is (𝑁). The two kernels (DS and PS) require linear-
algebra operations of the same order, and the computation time in-
creases at a similar rate with respect to the number of data points 𝑁 . 
The sin(⋅) term in the position kernel of PS is negligible compared with 
the total cost and does not affect the computation time.

Fig. 7 shows how the per-query prediction time increases with the 
data size 𝑁 on a logarithmic scale. The two curves almost overlap, and 
the observed slope follows a logarithmic pattern, which confirms the 
(𝑁) behavior in the measurement. While both kernels satisfy the real-
time constraint at the current data size, Table 1 clearly shows that PS 
attains the desired performance with significantly fewer training sam-
ples. Therefore, the practical advantage of PS is data efficiency rather 
than computational speed.

3.3.  Hyperparameter optimization and training visualization

The hyperparameters of the TISO-GPR model are determined by us-
ing MAP estimation (Sparacino et al., 2000). The parameter set is de-
fined as 𝜃 = [𝜎𝑓,𝑥,𝓁𝑥, 𝜎𝑓,𝑥̇,𝓁𝑥̇, 𝜎𝑛], and the spatial period 𝜏 is fixed by the 
motor geometry. The MAP objective is defined as

𝐽𝑀𝐴𝑃 = 𝐽𝐿𝑀𝐿 + 𝐽𝑝𝑟𝑖𝑜𝑟 (28)

where 𝐽𝐿𝑀𝐿 and 𝐽𝑝𝑟𝑖𝑜𝑟 are given by

𝐽𝐿𝑀𝐿 = log 𝑝(𝐲|𝐗, 𝜃) = −1
2
𝐝⊤

(

𝐊 + 𝜎2𝑛𝐈
)−1𝐝 − 1

2
log ||

|

𝐊 + 𝜎2𝑛𝐈
|

|

|

, (29)

When only 𝐽𝐿𝑀𝐿 is used, the optimization can converge to overly large 
or small values. Therefore, 𝐽𝑝𝑟𝑖𝑜𝑟 is defined as

𝐽𝑝𝑟𝑖𝑜𝑟(𝝓,𝝍) = (𝜃 − 𝝓)⊤𝐏−1(𝜃 − 𝝓), (30)

where 𝝓 ∈ ℝ5 represents the prior mean for each hyperparameter, 𝝍 ∈
ℝ5 denotes the prior variance, and 𝐏 ∈ ℝ5×5 = diag(𝝍) is the diagonal 
prior covariance matrix. The prior parameters are set from the physical 
scales of 𝑥, 𝑥̇, and the DOB-estimated disturbance, and the prior vari-
ances are selected to be weakly informative. For reproducibility, the 
hyperparameter estimation is performed under fixed prior parameters 
and the same training data.

The optimized hyperparameters are obtained offline and are fixed 
inside the controller. The prediction results in Fig. 6 are computed using 
independently optimized hyperparameters for each dataset.

Fig. 8. Block diagram of the integrated controller.

4.  Control architecture and stability analysis

4.1.  Integration of GPR-based disturbance compensation into DOB 
framework

Fig. 8 shows the proposed control architecture based on a conven-
tional two-degree-of-freedom (2-DoF) controller. A data-driven distur-
bance compensation based on the GPR is embedded inside the inner 
loop of the Disturbance Observer (DOB) so that it forms an additional 
compensation path within the DOB structure.

The integrated control includes four controllers: 1) feedforward con-
trol with 𝐶FF(𝑠), 2) feedback control with 𝐶FB(𝑠), 3) disturbance observer 
with 𝑄(𝑠), 𝑃𝑛(𝑠), and 4) GPR-based compensator 𝐺𝑃𝑅. The feedforward 
controller is designed on the nominal rigid model 𝑃𝑛(𝑠) so that an im-
mediate response to the position command is achieved:
𝐶FF(𝑠) = 𝑃−1

𝑛 (𝑠) = 𝑀𝑛𝑠
2 + 𝐵𝑛𝑠, (31)

where 𝑀𝑛 denotes the nominal mass and 𝐵𝑛 denotes the nominal vis-
cous term. On the other hand, the feedback control is designed as a 
proportional-derivative (PD) controller , 𝐶FB(𝑠), as given in (3), so that 
the position error is driven to zero.

The DOB is designed on the rigid model 𝑃𝑛(𝑠) and the 𝑄-filter. The 
𝑄-filter 𝑄(𝑠), given in (5), is implemented as a second-order filter.

The GP-based compensator is not expressed as an s-domain trans-
fer function but as a Bayesian-based scheme in the time domain, repre-
sented by the posterior mean of the TISO GPR. 
𝑑𝑔(𝑡) = 𝜇(𝑥(𝑡), 𝑥̇(𝑡)), (32)

where 𝜇(𝑥(𝑡), 𝑥̇(𝑡)) is given by (22). Therefore, 𝑥𝑑 (𝑡), 𝑥(𝑡) = 𝑢(𝑡) + 𝑑(𝑡), 
and 𝑒(𝑡) = 𝑥𝑑 (𝑡) − 𝑥(𝑡) in Fig. 8 represent the position command, the mea-
sured position, and the position error, respectively. The term 𝑑 denotes 
an unexpected disturbance caused by the position and velocity of the 
system, and the control rule 𝑢 of the integrated controller is expressed 
as follows. 
𝑢(𝑡) = 𝑢f f (𝑡) + 𝑢fb(𝑡) − 𝑑𝑑 (𝑡) − 𝑑𝑔(𝑡), (33)

where 𝑢f f (𝑡) = 𝑀𝑛𝑥̈𝑑 (𝑡) + 𝐵𝑛𝑥̇𝑑 (𝑡), 𝑢fb(𝑡) = 𝐾d𝑒̇(𝑡) +𝐾𝑝𝑒(𝑡), and 𝑑𝑑 (𝑡) =

(

−1
𝑛 𝑥(𝑡) − 𝑢(𝑡)

) represent the control effort of the feedforward and 
feedback controllers, and the estimated disturbance of the disturbance 
observer, respectively. The operators  ,𝑛, and  denote the time-
domain representations of 𝑃 (𝑠), 𝑃𝑛(𝑠), and 𝑄(𝑠), respectively.

This structure is designed so that GPR-based compensation is ap-
plied as a real-time estimation of disturbances. The issues of modeling 
error and bandwidth setting in the conventional control configuration 
are reduced. In particular, the GPR compensation path is updated in the 
control input based on the currently measured state variables.

4.2.  Robust stability analysis

In this section, robust stability of the closed-loop system is analyzed 
when the GPR-based disturbance compensation is included in the DOB 
inner loop. The analysis is carried out in the time domain by using linear 
operators and 1 norms. Under Assumptions 1-5, the outputs of the DOB 

Control Engineering Practice 173 (2026) 106981 

6 



H. Jung et al.

and the GPR compensator are first bounded (Lemmas 1 and 2). These 
bounds lead to a BIBO stability condition expressed by 𝜌 < 1 and provide 
a design inequality for the GPR compensation gain.

4.2.1.  Boundedness of GPR output
In this paper, two kernels for position and velocity are defined and 

combined as an additive kernel that 𝑘(𝐱, 𝐱′) = 𝑘𝑥(𝑥, 𝑥′) + 𝑘𝑥̇(𝑥̇, 𝑥̇′). In this 
kernel structure, the bounded property of the GPR prediction mean 
𝜇𝑝(𝐱𝑡) is shown by analyzing the relation of each term.

First, the position-based periodic kernel 𝑘𝑥 has the limit property 
when the difference from the given training data 𝑥𝑙(𝑗) satisfies the peri-
odic condition or when 𝓁2

𝑥 → 0.

lim
𝓁2𝑥→0

𝑘𝑥(𝑥𝑡, 𝑥𝑙(𝑗)) =

{

𝜎2𝑓,𝑥 if 𝑥𝑡 − 𝑥𝑙(𝑗) = 𝑘𝜏,

0 if 𝑥𝑡 − 𝑥𝑙(𝑗) =
(2𝑘+1)𝜏

2 ,
(34)

Therefore, when the position offset satisfies the periodic condition, that 
is 𝑥𝑡 − 𝑥𝑙(𝑗) = 𝑘𝜏 or (2𝑘 + 1)𝜏∕2, the kernel value converges to 𝜎2𝑓,𝑥 or 0, 
respectively.

Consequently, each entry of the kernel matrix is bounded in 0 ≤
𝑘𝑥(𝑥𝑡, 𝑥𝑙(𝑗)) ≤ 𝜎2𝑓,𝑥.

The posterior mean is expressed as 𝜇(𝑥𝑡) = 𝑘⊤𝑥,∗𝛼 + 𝑘⊤𝑥̇,∗𝛼. Thus, 𝜇𝑥 =
𝑘⊤𝑥,∗𝛼 and 𝜇𝑥̇ = 𝑘⊤𝑥̇,∗𝛼. By Hölder’s inequality, the following bound holds: 
|𝑘⊤𝑥,∗𝛼| ≤ ‖𝑘𝑥,∗‖∞ ‖𝛼‖1. (35)

Since |𝑘𝑥,∗(𝑗)| ≤ 𝜎2𝑓,𝑥 for all 𝑗, it follows that 
‖𝑘𝑥,∗‖∞ ≤ 𝜎2𝑓,𝑥, (36)

and the position-dependent part of the mean satisfies 
|𝜇𝑝,𝑥(𝑥𝑡)| ≤ 𝜎2𝑓,𝑥‖𝛼‖1, 0 ≤ 𝜎2𝑥(𝑥𝑡) ≤ 𝜎2𝑓,𝑥. (37)

In addition, the velocity-dependent squared exponential kernel 𝑘𝑥̇
converges to 0 when the difference between inputs becomes infinitely 
large, and its maximum value is limited by the signal variance:

lim
|𝑥̇𝑡−𝑥̇𝑙 (𝑗)|→∞

𝑘𝑥̇(𝑥̇𝑡, 𝑥̇𝑙(𝑗)) = 0, (38)

and its elementwise upper bound is: 
0 ≤ 𝑘𝑥̇(𝑥̇𝑡, 𝑥̇𝑙(𝑗)) ≤ 𝜎2𝑓,𝑥̇, (39)

this bound directly leads to: 
|𝑘⊤𝑥̇,∗𝛼| ≤ ‖𝑘𝑥̇,∗‖∞‖𝛼‖1 ≤ 𝜎2𝑓,𝑥̇‖𝛼‖1. (40)

Accordingly, the prediction mean of the GPR output is bounded as 
|𝜇(𝐱𝑡)| ≤ 𝜎2𝑓,𝑥‖𝛼‖1 + 𝜎2𝑓,𝑥̇‖𝛼‖1. (41)

The overall bound can be written compactly as 
|𝜇(𝐱𝑡)| ≤

(

𝜎2𝑓,𝑥 + 𝜎2𝑓,𝑥̇
)

‖𝛼‖1. (42)

This bounded property ensures that the magnitude of the GPR-based 
compensation term remains finite inside the DOB inner loop, which sup-
ports the stability analysis of the closed-loop system.

4.2.2.  Closed-loop robust stability
When the closed-loop sensitivity operator , the disturbance path 

𝑑→𝑥, and the command path 𝑥𝑑→𝑥 are defined in the time domain, 
they are given as:

 = −1{𝑆(𝑠)}, (43)

𝑑→𝑥 = ◦ = −1{𝑆(𝑠)𝑃 (𝑠)} (44)

𝑥𝑑→𝑥 =  + ◦◦𝐶FF, (45)

Based on these equations, the closed-loop output 𝑥 is expressed as: 
𝑥 = 𝑑→𝑥{ 𝑑 − 𝑑𝑑 − 𝑑𝑔 } + 𝑥𝑑→𝑥 𝑥𝑑 , (46)

Note that the linear operator 𝑑→𝑥 for the disturbance component is 
separated. This separation enables the disturbance effect to be analyzed 
independently, and the bounded property of the GPR output supports 
the stability analysis.

Assumption 1. The inner loop composed of  and 𝐶FB is stable. 
For the disturbance and reference path operators, it holds that 𝛾𝑑→𝑥 =
‖𝑑→𝑥‖1 < ∞ and 𝛾𝑥𝑑→𝑥 = ‖𝑥𝑑→𝑥‖1 < ∞.

Assumption 2. The operators ,𝑥̇, and ◦−1
𝑛  are stable. The con-

stants are defined as 𝛾𝑞 ∶= ‖◦−1
𝑛 ‖1 and 𝛾𝑥̇ ∶= ‖𝑥̇‖1. The velocity is 

implemented as 𝑥̇ = 𝑥̇(𝑥).

Assumption 3. The position command 𝑥𝑑 and the disturbance 𝑑 are 
assumed to be bounded signals.

It is important to note that the posterior mean function 𝜇 in (22) is 
a linear combination of kernel sections as

𝜇(𝑥, 𝑥̇) =
𝑁
∑

𝑖=1
𝑐𝑖𝑘(𝐱, 𝐱𝑖) =

𝑁
∑

𝑖=1
𝑐𝑖
(

𝑘𝑥(𝑥, 𝑥𝑖) + 𝑘𝑥̇(𝑥̇, 𝑥̇𝑖)
)

for some constants 𝑐𝑖, 𝑖 = 1,… , 𝑁 . Since both kernels 𝑘𝑥 and 𝑘𝑥̇ in (20) 
and (21) are locally Lipschitz on the training domain  , there exist non-
negative constants 𝐿𝑥 and 𝐿𝑥̇ such that 
|𝜇(𝑥1, 𝑥̇1) − 𝜇(𝑥2, 𝑥̇2)| ≤ 𝐿𝑥|𝑥1 − 𝑥2| + 𝐿𝑥̇|𝑥̇1 − 𝑥̇2|. (47)

for any [𝑥1, 𝑥̇1]⊤, [𝑥2, 𝑥̇2]⊤ ∈  . In addition, the regression error is as-
sumed to be bounded on  as stated in Assumption 4.
Assumption 4. There exists a bias upper bound 𝑏𝜇 ≥ 0 for the lumped 
disturbance such that 
|𝜇(𝑥, 𝑥̇) − 𝑑(𝑥, 𝑥̇)| ≤ 𝑏𝜇 ∀[𝑥, 𝑥̇]⊤ ∈  . (48)

It is well-known from (Lederer et al., 2019; Srinivas et al., 2009) that 
error bounds for GPR are typically given in a stochastic form, depending 
on the posterior variance function and the reproducing kernel Hilbert 
space norm of the target function. In this paper, the stability analysis 
is developed by using a uniform bound 𝑏𝜇 on the regression error over 
the compact domain  , and such a bound can be constructed from the 
posterior variance as described in Remark 1.
Remark 1. Let Pr{⋅} denote the probability induced by the GP prior 
and the measurement noise model. For a given 𝛿 ∈ (0, 1) and 𝛽𝛿 > 0 on 
a compact domain  , a standard high-probability error bound of GPR is 
given as: 
Pr

{

|𝜇(𝑥, 𝑥̇) − 𝑑(𝑥, 𝑥̇)| ≤ 𝛽𝛿𝜎(𝑥, 𝑥̇),∀[𝑥, 𝑥̇]⊤ ∈ 
}

≥ 1 − 𝛿, (49)

where 𝜎(𝑥, 𝑥̇) is the posterior standard deviation. Accordingly, a uniform 
bound in Assumption 4 can be constructed as 
𝑏𝜇 ∶= sup

[𝑥,𝑥̇]⊤∈
𝛽𝛿𝜎(𝑥, 𝑥̇). (50)

Therefore, the term 𝑏𝜇 in Lemma 2 can be evaluated from the posterior 
variance (via 𝜎), which provides a conservative bound in the stability 
analysis over  . 
Remark 2. The DOB estimate is written as 
𝑑𝑑 = ◦−1

𝑛 {𝑥} −{𝑢}. (51)

Since the inner loop composed of  and 𝐶FB is stable, it holds that 
‖𝑢‖∞ ≤ 𝛾𝑥→𝑢‖𝑥‖∞ + 𝑐𝑢, (52)

for some finite constants 𝛾𝑥→𝑢 ≥ 0 and 𝑐𝑢 ≥ 0. 
Assumption 5. The GPR compensation is implemented through a 
weighting factor and a low-pass filter: 
𝑑𝑔 = 𝑔𝑝{𝛼(𝑡)𝜇(𝑥, 𝑥̇)}, 0 ≤ 𝛼(𝑡) ≤ 𝛼max < 1, (53)

where 𝛾𝑔 = ‖𝑔𝑝‖1. The filter 𝑔𝑝 is strictly proper so that no algebraic 
loop occurs.
Lemma 1  (DOB bound). For all time 𝑡, the output of the DOB is bounded 
as 
‖𝑑𝑑‖∞ ≤ 𝛾𝑞‖𝑥‖∞ + 𝛾𝑞‖𝑢‖∞, (54)

where 𝛾𝑞 is defined in Assumption 2. 
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Fig. 9. Reference position and velocity profile.

Lemma 2  (GPR bound). The output of the GPR is upper
bounded for all time 𝑡 by Young’s convolution inequality:
‖𝑑𝑔‖∞ ≤ 𝛾𝑔𝛼max(𝐿𝑥‖𝑥‖∞ + 𝐿𝑥̇‖𝑥̇‖∞ + 𝑏𝜇)

≤ 𝛾𝑔𝛼max((𝐿𝑥 + 𝐿𝑥̇𝛾𝑥̇)‖𝑥‖∞ + 𝑏𝜇) (55)

≤ 𝛾𝑔𝛼max(𝐾‖𝑥‖∞ + 𝑏𝜇), (56)

where 𝐾 = 𝐿𝑥 + 𝐿𝑥̇𝛾𝑥̇. 
By using Lemmas 1 and 2 with (52), the following inequality is ob-

tained from (46): 
‖𝑥‖∞ ≤ 𝜌 ‖𝑥‖∞ + 𝑐𝑑‖𝑑‖∞ + 𝑐𝑟‖𝑥𝑑‖∞ + 𝑐0, (57)

where the constants are defined as
𝜌 ∶= 𝛾𝑑→𝑥

(

𝛾𝑞(1 + 𝛾𝑥→𝑢) + 𝛾𝑔𝛼max𝐾
)

, (58)

𝑐𝑑 ∶= 𝛾𝑑→𝑥, 𝑐𝑟 ∶= 𝛾𝑥𝑑→𝑥, (59)

𝑐0 ∶= 𝛾𝑑→𝑥
(

𝛾𝑞𝑐𝑢 + 𝛾𝑔𝛼max𝑏𝜇
)

. (60)

Proposition 1  (BIBO stability). If 𝜌 < 1 holds, the system is BIBO stable. 
In addition, the output is bounded as 

‖𝑥‖∞ ≤
𝑐𝑑‖𝑑‖∞ + 𝑐𝑟‖𝑥𝑑‖∞ + 𝑐0

1 − 𝜌
. (61)

A sufficient condition for 𝜌 < 1 is given by 

𝛼max <

1
𝛾𝑑→𝑥

− 𝛾𝑞(1 + 𝛾𝑥→𝑢)

𝛾𝑔𝐾
, (62)

where 1
𝛾𝑑→𝑥

> 𝛾𝑞(1 + 𝛾𝑥→𝑢) is required to ensure that the right-hand side 
remains positive, and 𝛾𝑞(1 + 𝛾𝑥→𝑢) represents the DOB-related loop gain.

5.  Experimental result

5.1.  Experimental setup

In this section, the performance of the integrated control that in-
cludes the proposed TISO-GPR is experimentally verified as shown in 
Fig. 8. The design parameters of the feedback, feedforward, and DOB 
are fixed in all comparisons so that the effect of the disturbance and 
the behavior outside the training range is evaluated independently. The 
proposed TISO-GPR is located inside the DOB loop, and the TISO-GPR 
is executed at each control sampling time in real time.

The target stage is the core-type single-axis linear motor in Fig. 1 
(model: Kovery 2P-06), and the encoder resolution is 0.2𝜇m. The con-
trol algorithm is executed with the Quanser QPIDe board at the control 
period of 1ms. The command used in the experiment is the position and 
velocity command in Fig. 9, and the stage moves from 0mm to 600mm. 
This command includes two constant-velocity sections, and the constant 
velocities are 150mm∕s and 350mm∕s. The acceleration and deceleration 
are set to signals that increase smoothly using a sinusoidal signal, and 
this profile is designed so that position-based and velocity-dependent 

Fig. 10. Closed-loop tracking error under the three control conditions.

Fig. 11. Disturbance estimates obtained from the GPR-based compensator un-
der the three control conditions.

Fig. 12. DOB output under the three control conditions.

disturbances can be observed under both low-speed and high-speed con-
ditions.

The dataset (2) defined in Section 3.2 is used for training. The hy-
perparameters are optimized in an offline process and are fixed in all 
experiments. In Section 5.2, the closed-loop performance is compared 
by changing the kernel setting inside the TISO-GPR while the remain-
ing controller settings are fixed. In Section 5.3, an additional mass is 
attached to the moving carrier of the linear motor to generate model 
uncertainty intentionally and conditions outside the training range, and 
it is verified that the proposed integrated control operates in a robust 
manner without retraining.

5.2.  Performance comparison among the three control approaches

In this section, the performance of the proposed TISO-GPR-based in-
tegrated control is experimentally compared under different conditions. 
The compared cases are the DOB structure, which is the structure with-
out the GPR in Fig. 8, the TISO-GPR with the DS kernel, and the TISO-
GPR with the PS kernel. The parameters of the FF, FB, and DOB are fixed 
in all cases so that the result is affected by the selected kernel and the 
disturbance model. The command reference is shown in Fig. 9.
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Fig. 13. Control inputs generated under the three control conditions.

Fig. 10 is the position tracking error when the command trajectory in 
Fig. 9 is applied. The black solid line shows the error of the conventional 
FF/FB/DOB structure without the TISO-GPR. The red dashed line shows 
the error of the proposed control in which the TISO-GPR with the DS 
kernel is used. The blue dotted line shows the error of the proposed 
control in which the TISO-GPR with the PS kernel is used.

The conventional controller shows the largest tracking error in all 
sections. The DS and PS cases show smaller errors than the conventional 
controller because the TISO-GPR compensates the trained disturbance 
inside the DOB loop. An error close to the conventional case is observed 
in the DS case outside the training range. Inside the training range, the 
DS case shows a smaller error than the conventional case because the 
disturbance is compensated by the TISO-GPR inside the DOB loop, al-
though the error of the DS case is larger than the PS case in the same 
region.

The PS case shows a smaller error than the conventional controller 
even outside the training range. This result is obtained because the PS 
kernel reflects the spatial period so that the spatial pattern of the dis-
turbance is estimated even in the untrained region. Inside the training 
range, the PS case also maintains a smaller error than the DS case, and 
this result indicates that the PS-based estimation provides stable com-
pensation for the entire spatial disturbance. The results are summarized 
in Table 2.

Fig. 11 shows the GPR-based disturbance estimate 𝑑𝑔 generated in 
the DS and PS cases. The DS case produces values that converge to a 
fixed value outside the training range, as shown in Fig. 6(a)-(c). This 
behavior is obtained because the DS kernel is defined so that the distur-
bance is represented inside the trained region. Therefore, the DS case 
does not estimate the disturbance in the untrained region. In contrast, 
the PS case produces outputs in the untrained region. This behavior is 
obtained because the PS kernel is defined with the spatial period, and 
the spatial periodicity of the disturbance is preserved when the input of 
the TISO-GPR is outside the training range. Therefore, the PS case con-
tinuously estimates the spatial pattern of the disturbance over the entire 
region, and the position-based disturbance property is inferred outside 
the training range.

Fig. 12 shows the DOB output 𝑑𝑑 generated, as shown in Fig. 8. In 
the conventional case, the TISO-GPR is not included, and the disturbance 
compensation is fully dependent on the DOB. Therefore, the DOB output 
becomes larger than in the DS and PS cases. In contrast, The DS case 
shows a DOB output close to the conventional case when the position is 
outside the training domain because the DS kernel becomes inactive in 
that region, and the DOB performs the compensation. Inside the training 
range, the GPR compensates the disturbance ahead of the DOB, and the 
DOB output decreases.

The PS case produces TISO-GPR outputs in the untrained region, 
and the DOB output remains lower than the conventional case through-
out the experiment. This behavior is obtained because the PS kernel 
estimates the spatial pattern of the disturbance even outside the train-
ing range, and the load of the DOB remains reduced over the entire
region.

Table 2 
Tracking error RMSE under the three control 
conditions.

 conv  DS  PS
 RMSE [µm]  42.048  29.228  22.408

Fig. 14. Closed-loop tracking error with and without the additional mass.

Fig. 15. GPR-based disturbance estimates with and without the additional 
mass.

Fig. 13 shows the total control input 𝑢 in Fig. 8 applied to the plant in 
the three cases. The magnitude and pattern of the control input are sim-
ilar across all cases (DOB, DS, and PS), indicating that incorporating the 
TISO-GPR into the DOB loop does not result in an excessive increase in 
control effort. In the DS case, disturbance estimation outside the training 
range is carried out by the DOB, leading to control behavior comparable 
to that of the conventional DOB.

Within the training range, the TISO-GPR compensates for the distur-
bance and reduces the DOB output, yet without increasing the total con-
trol input. In the PS case, disturbance estimation is performed over the 
entire operating range, which further decreases the DOB output; how-
ever, the overall control input remains comparable to the other cases. 
Overall, the proposed TISO-GPR-based integrated control enhances dis-
turbance compensation performance while maintaining a control input 
level similar to that of the conventional DOB-based structure.

5.3.  Robustness evaluation under payload variation

The experiments in Section 5.2 are carried out based on the identi-
fied nominal model. The DOB 𝑃𝑛(𝑠) and the feedforward 𝐶𝐹𝐹 (𝑠) are set 
with the same model parameters, and the main uncertainty is assumed 
to be limited to the velocity-dependent viscous friction. Therefore, the 
performance of the TISO-GPR with the DS and PS kernels is verified 
when the mass parameter is assumed to be accurate.

In this section, an additional mass 21 kg is attached to the moving 
carrier so that this assumption is intentionally violated. The parameters 
𝑀𝑛 and 𝐵𝑛 of 𝐶𝐹𝐹 (𝑠) and 𝑃𝑛(𝑠) are not modified although the mass is 
increased, and this condition produces a mismatch between the nominal 
model and the real system. In Figs. 14–17, the red dashed and blue 
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Fig. 16. Disturbance observer output with and without the additional mass.

Fig. 17. Control input with and without the additional mass.

dotted lines denote the DS and PS cases without the additional mass, 
and the green solid and gray dash-dotted lines denote the DS and PS 
results with the additional mass, respectively.

Fig. 14 shows that the tracking error increases under the additional-
mass condition, especially in the high–acceleration and deceleration in-
tervals, including 0.0∼0.2, 1.2∼1.4, and 2.4 ∼ 2.6 s. The overall error 
trend remains similar between the DS and PS cases, while larger peak 
errors appear during the transient intervals. This behavior is explained 
by analyzing the components of the control input.

Fig. 15 shows that the disturbance estimate remains almost un-
changed for both kernels under the additional-mass condition. The 
change in the mass parameter is not reflected in the learned model be-
cause the GPR is trained without the additional mass. Therefore, no 
additional compensation is generated for the mass mismatch, and the 
resulting model uncertainty is handled by the integrated structure.

Fig. 16 shows that larger DOB outputs appear during the acceleration 
and deceleration intervals under the additional-mass condition. This in-
crease reflects the additional control effort required to compensate the 
inertia mismatch. Since the nominal mass is smaller than the actual 
value, the DOB generates a larger force to compensate the acceleration-
dependent disturbance.

Fig. 17 shows that the total control input increases during the accel-
eration and deceleration intervals under the additional-mass condition, 
which is consistent with the increase in the DOB output. The larger input 
reflects the compensation required for the inertia mismatch introduced 
by the payload variation.

These results confirm that the integrated control preserves tracking 
performance and closed-loop stability under the payload variation. The 
GPR compensates the learned position- and velocity-dependent distur-
bance, while the DOB compensates the inertia mismatch that is not in-
cluded in the training data. The combined action of the two components 
maintains robust performance under the additional-mass condition.

6.  Conclusion

A control structure is proposed that adds the TISO-GPR-based dis-
turbance compensation in parallel to the conventional DOB-based two-

degree-of-freedom control. The lumped disturbance is modeled by using 
the position-velocity input, the periodic kernel on the position axis, and 
the SE kernel on the velocity axis, and the bounded property of the GPR 
compensation and the BIBO stability condition in a small-gain form are 
presented by the time-domain analysis.

The experiments show that the Periodic(𝑥)+SE(𝑥̇) TISO-GPR re-
duces the tracking error and the DOB output over the entire range 
while the control input is maintained when compared with the con-
ventional FF/FB/DOB and the double-SE TISO-GPR. The performance is 
also maintained under the untrained condition, including the additional-
mass case, and the proposed Gaussian Process-based integrated control 
provides improved performance and stability under the model mismatch 
and the change in the operating condition. Variance-aware compensa-
tion can be investigated as a future extension.
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