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 A B S T R A C T

This paper presents a formalized framework for the design and verification of a disturbance observer (DOB) 
applied to a hybrid gantry stage with actuator asymmetry and payload-dependent LPV characteristics. The 
system consists of a rigid actuator and a series elastic actuator (SEA) arranged in parallel along the Y-
axis, and an X-axis actuator that modifies payload distribution. Four payload configurations are considered, 
and frequency responses are analyzed to characterize mechanical coupling via Relative Gain Array (RGA). 
Canonical Polyadic Decomposition (CPD) is applied to derive transformation matrices for dynamic decoupling. 
The procedure sequentially integrates nominal model selection and DOB bandwidth determination in the 
transformed coordinates, followed by robust stability validation under varying operating conditions. The 
proposed framework provides a structured design procedure for LTI-based DOB implementation in asymmetric 
LPV MIMO systems.
. Introduction

Gantry stages are widely used for precise planar motion control in 
emiconductor lithography, CNC machining, and medical imaging [1,
]. Rigid actuators provide high accuracy and repeatability, but the 
apability for force sensing and impact absorption required in industrial 
nvironments is limited.
Hybrid configurations combining a rigid actuator (RA) and a series 

lastic actuator (SEA) have been studied to achieve accurate position 
ontrol, disturbance rejection, and compliance [3]. Mechanical compli-
nce is essential for safety in interaction-aware systems. However, the 
ystem dynamics vary with the payload position and distribution, re-
ulting in LPV behavior [4,5]. This variation requires advanced control 
trategies, but the deficiency of a systematic nominal model selection 
nder LPV conditions restricts the use of conventional robust control 
ethods.
Various LPV model-based control methods have been proposed to 

nsure stability and performance under parameter variations. Model 
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E-mail addresses: hanul@etri.re.kr (H. Jung), sehoon@dgist.ac.kr (S. Oh).

1 These authors contributed equally to this work.

Predictive Control (MPC) has been applied to LPV systems to explic-
itly handle constraints, with min–max optimization [6] and constraint 
tightening [7] used for robust design. LPV modeling has been applied 
to drill pipe dynamics with gain-scheduled control for vibration sup-
pression and torque tracking [8]. ∞ control has also been synthesized 
using frequency response data and norm-based criteria [9]. Neverthe-
less, most studies do not address dynamic interaction and decoupling 
in asymmetric LPV MIMO systems.

Tensor decomposition and Relative Gain Array (RGA) have been 
widely used for dynamic decoupling in MIMO systems. RGA quanti-
fies input–output coupling and assists pairing [10]. SVD/modal de-
compositions can diagonalize the plant at each frequency, but the 
associated transforms are frequency-dependent and typically lead to 
an increase in model order when a single fixed-coordinate realization 
is required, which is not aligned with the LTI nominal-model-based 
DOB setting [11,12]. CPD extracts dominant modes from multidimen-
sional FRFs [13] and provides an approximately frequency-invariant 
transform suitable for DOB design.
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Disturbance observers (DOB) have been widely applied in SISO 
systems for disturbance and uncertainty compensation. In MIMO sys-
tems, centralized and decentralized DOBs, and static decoupling with 
channel-wise observers [14–16], have been investigated. Recently, 
LPV-based disturbance rejection schemes have also been explored in 
hybrid isolation platforms [17]. However, for asymmetric LPV MIMO 
gantry stages, the procedure that connects FRF/RGA-based coupling 
analysis, CPD-based dynamics decomposition, nominal model selec-
tion under payload variations, and frequency-domain robust stability 
verification is not clearly established [18]. This work presents a con-
cise procedure: coupling characteristics are analyzed using measured 
FRFs/RGA, frequency-invariant transforms are obtained via CPD-based 
dynamics decomposition, a nominal model is selected from the trans-
formed FRFs, and robust stability is verified over the design band 
by a small-gain condition that links normalized uncertainty and Q-
filter bandwidth. The proposed procedure is formulated as a frozen-
parameter FRF-based guideline, and its applicability is restricted to fre-
quency ranges where diagonal dominance and approximate decoupling 
are verified.

Therefore, a DOB design and verification framework is established 
for a hybrid gantry stage with actuator asymmetry and payload-
dependent LPV dynamics. Four payload conditions are considered, 
measured FRFs are used for coupling analysis and CPD-based decou-
pling, and the nominal model and Q-filter bandwidth are determined 
using a frequency-domain robust stability condition. Experiments con-
firm robust stability when the nominal model and Q-filter bandwidth 
are appropriately selected.

In summary, the main contributions of this study are threefold: 
(1) Coupling characteristics are analyzed in the frequency domain 
using measured FRFs/RGA, and CPD-based dynamics decomposition 
is performed to obtain frequency-invariant transforms for decoupling. 
(2) Candidate operating conditions are compared in the decoupled 
coordinates, and a nominal model is selected from the transformed 
FRFs under payload variations. (3) Robust stability of the DOB-based 
decoupling control is analyzed in the frequency domain using a small-
gain condition that links the nominal model, normalized uncertainty, 
and Q-filter bandwidth.

2. Problem formulation

2.1. Asymmetric linear parameter varying gantry stage

The dual-drive gantry in this study uses an asymmetric hybrid 
actuation, in which the left Y-axis is driven by a rigid actuator (RA) 
and the right Y-axis by a reaction-force-sensing series elastic actuator 
(RFSEA) [19], as in Fig.  1. The parameters 𝑚1, 𝑚2, 𝑚3, 𝑚𝑐𝑏, and 𝐽𝛼
denote the actuator/crossbeam masses and the crossbeam inertia. The 
actuator outputs are 𝑦1, 𝑦2, and 𝑥3. The inputs 𝐹1, 𝐹2, and 𝑇𝑡 act along 
the Y-axis, and the torque is written as an equivalent force 𝐹𝑡 = 𝑇𝑡∕𝑙𝑐𝑏.

The detailed physical configuration of the hybrid gantry system 
is presented in Fig.  2, where the actuator arrangement and payload 
position that define the asymmetric structure are clearly illustrated. 
Fig.  2 clarifies the relationship between the analytical model and the 
experimental system. This hybrid composition, rigid and elastic, results 
in asymmetric dynamics. Variation of the payload position changes 
mass and inertia distributions, which causes the system to operate as 
an LPV system.

The crossbeam couples the Y-axis actuators. The scheduling variable 
𝜌(𝑡) (the X-axis position 𝑥3 in Fig.  1) affects the crossbeam and the 
parallel actuators, modeled by 𝑃𝑐𝑏(𝑠, 𝜌), 𝑃𝑟(𝑠, 𝜌), and 𝑃𝑙(𝑠, 𝜌) in Fig.  3.

The X-axis actuator position 𝑥3, shown in Fig.  1, is defined as the 
scheduling variable 𝜌 ∈ [0, 𝑙𝑐𝑏], where 𝑙𝑐𝑏 denotes the crossbeam length. 
The Y-axis outputs 𝑦1 and 𝑦2 are determined by the input forces 𝐹1
and 𝐹2, and the system is modeled as a two-input two-output structure 
influenced by the scheduling variable, as shown in Fig.  3.
2 
Fig. 1. Schematic of the hybrid dual-drive gantry stage with asymmetric 
actuation.

Fig. 2. Hybrid gantry stage with RA, RFSEA, and movable payload on the 
X-axis actuator.

Fig. 3. Block diagram of the hybrid gantry stage represented as an LPV system.

The RFSEA is represented by 𝑃𝑚(𝑠), 𝑃𝑠(𝑠), and 𝑃𝑙(𝑠, 𝜌), and the 
RA/crossbeam by 𝑃𝑟(𝑠, 𝜌) and 𝑃𝑐𝑏(𝑠, 𝜌). The Y-axis outputs [𝑦1, 𝑦2]𝑇  are 
determined by [𝐹1, 𝐹2]𝑇  through the TITO plant 𝑷 (𝑠, 𝜌) in (2). The 
element transfer functions are given in (3)–(6) with 𝑃𝑟𝑓 = (𝑃𝑚 + 𝑃𝑙 +
𝑃𝑠)−1(𝑃𝑙𝑃𝑚 + 𝑃𝑙𝑃𝑠).

𝑃𝑟(𝑠) =
1

𝑀𝑟(𝜌)𝑠2
, 𝑃𝑐𝑏(𝑠) =

1
𝐽𝛼(𝜌)𝑠2

, (1)

𝑃𝑚(𝑠) =
1

𝑀𝑚𝑠2
, 𝑃𝑠(𝑠) =

1
𝑀𝑠𝑠2

, 𝑃𝑙(𝑠) =
1

𝑀𝑙(𝜌)𝑠2
,

where 𝑀𝑟(𝜌), 𝑀𝑙(𝜌), and 𝐽𝛼(𝜌) represent the equivalent mass and inertia 
of the RA, RFSEA, and crossbeam, respectively, and vary with the 
scheduling variable 𝜌(𝑡). In contrast, 𝑀𝑚 and 𝑀𝑠 denote the fixed 
masses of the motor and spring within the RFSEA.

Therefore, the system is expressed as a TITO plant 𝑷 (𝑠, 𝜌). 
[

𝑦1
]

= 𝑷 (𝑠, 𝜌)
[

𝐹1
]

=
[

𝑃𝐹1→𝑦1 (𝑠, 𝜌) 𝑃𝐹2→𝑦1 (𝑠, 𝜌)
] [

𝐹1
]

, (2)

𝑦2 𝐹2 𝑃𝐹1→𝑦2 (𝑠, 𝜌) 𝑃𝐹2→𝑦2 (𝑠, 𝜌) 𝐹2
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Fig. 4. Equivalent block diagram of the disturbance observer for robust 
stability analysis.

Each element of the transfer function matrix is given as follows:

𝑃𝐹1→𝑦1 (𝑠, 𝜌) =
𝑃𝑟𝑃𝑐𝑏 + 𝑃𝑟𝑃𝑟𝑓

𝑃𝑟 + 𝑃𝑟𝑓 + 𝑃𝑐𝑏
, (3)

𝑃𝐹1→𝑦2 (𝑠, 𝜌) =
𝑃𝑟𝑃𝑟𝑓

𝑃𝑟 + 𝑃𝑟𝑓 + 𝑃𝑐𝑏
, (4)

𝑃𝐹2→𝑦1 (𝑠, 𝜌) =
𝑃𝑚𝑃𝑙

𝑃𝑙𝑃𝑚 + 𝑃𝑙𝑃𝑠

𝑃𝑟𝑃𝑟𝑓

𝑃𝑟 + 𝑃𝑟𝑓 + 𝑃𝑐𝑏
, (5)

𝑃𝐹2→𝑦2 (𝑠, 𝜌) =
𝑃𝑚𝑃𝑙

𝑃𝑙𝑃𝑚 + 𝑃𝑙𝑃𝑠

𝑃𝑟𝑓𝑃𝑐𝑏 + 𝑃𝑟𝑃𝑟𝑓

𝑃𝑟 + 𝑃𝑟𝑓 + 𝑃𝑐𝑏
, (6)

where 𝑃𝑟𝑓 = (𝑃𝑚 + 𝑃𝑙 + 𝑃𝑠)−1(𝑃𝑙𝑃𝑚 + 𝑃𝑙𝑃𝑠) represents the transfer 
function from the input force 𝐹𝑡 to the output 𝑦2 in the RFSEA. Al-
though expressed in a transfer-function form, the model represents the 
dominant linear dynamics identified from measured FRFs and serves 
as the basis for robust DOB design. The plant exhibits asymmetric LPV 
MIMO characteristics, which should be reflected in controller design.

2.2. Robust stability of disturbance observer in MIMO system

In industrial applications, considerable efforts have been made to 
design robust controllers against disturbances. The DOB is widely used 
for disturbance rejection and model uncertainty compensation, mainly 
in SISO systems. However, in MIMO systems, mechanical coupling 
complicates the direct application of conventional SISO DOB structures.

The left side of Fig.  4 shows the MIMO DOB structure, where 
𝑷 (𝑠), 𝑷 𝑛(𝑠), and 𝑸(𝑠) denote the plant, diagonal nominal model, and 
bandwidth-setting 𝑄-filter, respectively. 𝑢𝑐 , 𝑑, and 𝑦 are the control 
input, disturbance, and measured output, while 𝑑 and 𝑢̂ represent the 
estimated disturbance and control input.

The DOB compensates for lumped disturbance, including friction, 
external forces, and model errors, and achieves robust performance 
under model uncertainties. The closed-loop transfer function of the 
DOB is given as follows:

𝑷 𝑢𝑐→𝑦(𝑠) =
[

𝑰 −𝑸(𝑠) +𝑸(𝑠)𝑷 −1
𝑛 (𝑠)𝑷 (𝑠)

]−1 𝑷 (𝑠), (7)

𝑷 𝑑→𝑦(𝑠) =
[

𝑰 −𝑸(𝑠) +𝑸(𝑠)𝑷 −1
𝑛 (𝑠)𝑷 (𝑠)

]−1 (𝑰 −𝑸(𝑠))𝑷 (𝑠), (8)

The 𝑄-filter is generally designed as a low-pass filter. When 𝑸(𝑠) ≈ 1 in 
the low-frequency range, the closed-loop transfer function of the DOB 
becomes:

𝑷 𝑢𝑐→𝑦(𝑠) = 𝑷 𝑛(𝑠), (9)

𝑷 𝑑→𝑦(𝑠) = 0, (10)

(9) and (10) indicate that the DOB generates a response normalized by 
the nominal model and performs disturbance rejection.

However, the DOB is sensitive to the accuracy of 𝑷 𝑛(𝑠) and 𝑸(𝑠), 
and the influence of model uncertainty and DOB bandwidth on system 
stability should therefore be analyzed prior to implementation. Robust-
ness is defined as the preservation of closed-loop stability within the 
DOB design bandwidth under payload-induced variations relative to the 
selected nominal model.
3 
Fig. 5. Measured FRFs of the hybrid gantry stage under different payload 
conditions before CPD-based decoupling. (a): no additional mass, (b): mass 
on RA side, (c): mass at crossbeam center, (d): mass on SEA side.

The right side of Fig.  4 shows the framework for analyzing DOB 
robust stability. The system is expressed as a closed-loop 𝑻 𝑧→𝑤(𝑠) from 
input 𝑧 to output 𝑤 with model uncertainty 𝜟(𝑠), where 𝑷 (𝑠) = 𝑷 𝑛(𝑠)[𝑰+
𝜟(𝑠)] and 𝜟(𝑠) = 𝑷 −1

𝑛 (𝑠)[𝑷 (𝑠) − 𝑷 𝑛(𝑠)].
The robust stability of the DOB with respect to the nominal model is 

assessed, and robust stability against model uncertainty 𝜟(𝑠) is ensured 
if the following condition is satisfied: 
‖

‖

𝜟(𝑗𝜔)𝑻 𝑧→𝑤(𝑗𝜔)‖‖∞ < 1, (11)

where ‖ ∙ ‖∞ is the ∞-norm, and 𝑻 𝑧→𝑤(𝑗𝜔) denotes the closed-loop 
DOB system in the 𝑠-domain, defined as: 

𝑻 𝑧→𝑤(𝑠) =
[

𝑰 +
(

𝑷 𝑛(𝑠)(𝑰 −𝑸(𝑠))−1𝑸(𝑠)𝑷 −1
𝑛 (𝑠)

)−1]−1 . (12)

Additionally, (11) links DOB bandwidth and model uncertainty, 
which motivates a conservative nominal-model and 𝑄-filter selection.

In practice, the DOB is combined with an outer feedback controller 
𝑪𝑓𝑏(𝑠). The same small-gain framework applies by replacing 𝑻 𝑧→𝑤(𝑗𝜔)
in (11) with the corresponding closed-loop interconnection as 
𝑻 𝑓𝑏
𝑧→𝑤(𝑗𝜔) =

[

𝑸(𝑗𝜔) + 𝑷 𝑛(𝑗𝜔)𝑪𝑓𝑏(𝑗𝜔)
] [

𝑰 + 𝑷 𝑛(𝑗𝜔)𝑪𝑓𝑏(𝑗𝜔)
]−1 . (13)

When the outer-loop bandwidth is lower than the DOB bandwidth, (11) 
provides a practical stability guideline for the closed-loop system. 

3. Frequency response function based analysis of novel hybrid 
gantry stage

3.1. Frequency response analysis under operating conditions

This section characterizes resonance/coupling features from mea-
sured FRFs to support DOB design under asymmetric LPV dynamics (see 
Fig.  4).

In this experiment, FRFs are measured for outputs 𝑦1 and 𝑦2 under 
inputs 𝐹1 and 𝐹2 across four representative payload cases: RA end 
(𝑟𝑎), SEA end (𝑠𝑒), crossbeam center (𝑐𝑒), and no additional mass 
( nm). The system exhibits LPV behavior with moderate dependence 
on payload position, and the four cases are chosen as corner conditions 
covering the operating range, where 𝜌 is fixed and 𝜌̇ = 0 during each 
FRF measurement. The FRFs are obtained under closed-loop position 
control using a Schroeder-phase multisine excitation applied to the 
commanded inputs, and the measured responses are ensemble-averaged 
after discarding the initial transient to improve repeatability of the 
estimated FRFs.

Fig.  5 shows FRFs for four payload conditions: 𝑷 𝑛𝑚, 𝑷 𝑟𝑎, 𝑷 𝑐𝑒, and 
𝑷 , corresponding to no mass, mass on the RA side, center, and SEA 
𝑠𝑒
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Fig. 6. RGA magnitude responses of the hybrid gantry stage under different 
payload conditions before CPD-based decoupling. (a): no additional mass, (b): 
mass on RA side, (c): mass at crossbeam center, (d): mass on SEA side.

side, respectively. Each line indicates the output response of 𝑦1 or 𝑦2 to 
𝐹1 or 𝐹2.

All mass-added conditions (𝑷 𝑟𝑎, 𝑷 𝑐𝑒, 𝑷 𝑠𝑒) consistently exhibit a 
lower resonance frequency in the second mode. This indicates that the 
increased system inertia affects higher-order dynamic modes signifi-
cantly. In addition, the characteristics in (3)∼(6) differ between 𝐹1 and 
𝐹2 for the same output, revealing structural asymmetry and distinct 
RA/SEA-output interactions.

In the RA-side output response (𝑦1), resonance peaks are consis-
tently observed across all conditions. 𝑃 𝐹1→𝑦1

∙ , associated with the rigid-
body-like mode of the RA side, remains stable in both shape and 
frequency regardless of mass placement, reflecting the limited influence 
of added mass due to the high stiffness of the RA structure. In contrast, 
the SEA-side output response (𝑦2) exhibits noticeable anti-resonance 
behavior under several conditions, with the most significant depth and 
frequency sensitivity observed under the 𝑷 𝑠𝑒 condition. This indicates 
that the compliant SEA-side actuator exhibits increased sensitivity to 
changes in mass location.

These results experimentally demonstrate that the hybrid gantry 
stage features both structural asymmetry and input dependent dynamic 
behavior. Therefore, in the subsequent controller design, a nominal 
model selection strategy is essential, taking into account not only 
mechanical coupling but also the asymmetric characteristics of the 
system.

3.2. Coupling analysis and dynamic decomposition of hybrid gantry stage

The hybrid gantry stage is an asymmetric MIMO system with me-
chanical coupling. RGA analysis is performed based on the measured 
FRFs to quantify frequency-dependent interaction and to verify whether 
diagonal dominance holds within the design bandwidth [10].

The RGA for the system 𝑷 ∙(𝑗𝜔) is defined as follows: 

𝜦(𝑗𝜔) = 𝑷 ∙(𝑗𝜔)◦
(

𝑷 −1
∙ (𝑗𝜔)

)𝑇 , (14)

where ◦ is the Hadamard product (element-wise multiplication). Di-
agonal dominance is assessed by the RGA, and the coupling level is 
quantified by: 

𝜉RGA(𝜔) =
∑

𝑖
|𝛬𝑖𝑖(𝜔) − 1| +

∑

𝑖≠𝑗
|𝛬𝑖𝑗 (𝜔)|. (15)

A coupling level is regarded as acceptable within the design bandwidth 
𝛺 = [0, 𝑓DOB] when 𝜉RGA(𝜔) ≤ 0.5, |𝛬𝑖𝑖(𝜔) − 1| ≤ 0.2, and |𝛬𝑖𝑗 (𝜔)| ≤ 0.2.

Fig.  6 shows that the acceptance criterion is violated within the 
design bandwidth for all payload cases, and Table  2 confirms that 
4 
Table 1
Transformation matrices of CPD.
 𝑼 𝑽  
 {𝑼 ,𝑽 }𝑟𝑎 [0.13, −0.06; 0.14, 0.04] [7.80, −2.82; 6.01, 5.09] 
 {𝑼 ,𝑽 }𝑠𝑒 [0.15, −0.06; 0.16, 0.04] [6.86, −3.55; 5.36, 3.36] 
 {𝑼 ,𝑽 }𝑐𝑒 [0.13, −0.06; 0.13, 0.04] [7.66, −3.50; 6.26, 5.00] 
 {𝑼 ,𝑽 }𝑛𝑚 [0.20, −0.08; 0.18, 0.06] [0.59, −2.13; 0.55, 4.11] 

Fig. 7. Measured FRFs of the hybrid gantry stage under different payload 
conditions after CPD-based decoupling. (a) No additional mass, (b) Mass added 
on RA side, (c) Mass added at crossbeam center, (d) Mass added on SEA side.

diagonal dominance cannot be ensured without structural reconfigura-
tion. Therefore, CPD is introduced to obtain an approximately diagonal 
representation suitable for DOB design.

The measured FRFs over inputs, outputs, and frequency points 
are arranged as a three-dimensional tensor, and CPD is applied to 
extract dominant mode components and to obtain frequency-invariant 
input/output transforms [13].

Therefore, CPD is applied to decompose the three-dimensional fre-
quency response tensor into input/output transformations and fre-
quency components [13], as follows: 

 =
𝑅
∑

𝑟=1
𝑢1𝑟 ⊗ 𝑢2𝑟 ⊗⋯⊗ 𝑢𝑁𝑡

𝑟 +  , (16)

where 𝑅 is the target rank, 𝑁𝑡 the tensor order, ⊗ the outer product, 
and  the error tensor. The CPD minimizes ‖‖2  with respect to 𝑢∙𝑟.

As a result, CPD enables the identification of dominant dynamic 
modes and facilitates controller design [11]. The resulting transforma-
tion matrices (𝑼‚, 𝑽 ‚) are presented in Table  1.

Fig.  7 shows the frequency responses of the hybrid gantry stage 
after CPD-based decoupling. Each subplot corresponds to a payload 
condition: (a) no additional mass (𝑷 𝑛𝑚∣𝑛𝑚), (b) mass on the RA side 
(𝑷 𝑟𝑎∣𝑟𝑎), (c) mass at the crossbeam center (𝑷 𝑐𝑒∣𝑐𝑒), and (d) mass on the 
SEA side (𝑷 𝑠𝑒∣𝑠𝑒). In 𝑷 ∙∣‚, ∙ indicates the measurement condition and ‚
the applied CPD transformation (e.g., 𝑷 𝑛𝑚∣𝑟𝑎(𝑠) = 𝑼−1

𝑟𝑎 𝑷 𝑛𝑚(𝑠)𝑽 −𝑇
𝑟𝑎 ). Each 

line represents an output response to a decoupled input.
Fig.  7 shows that CPD provides an approximately diagonal repre-

sentation that preserves the modal resonance structure. For frequencies 
beyond ∼20Hz, magnitude crossover remains, which indicates residual 
coupling under strong asymmetry and motivates a bandwidth selection 
based on the RGA of the CPD-decoupled system.

Therefore, CPD is used to obtain practical decoupling coordinates, 
while the feasible bandwidth is finalized by the RGA-based acceptance 
criterion after CPD-based decoupling.

Fig.  8 presents the RGA magnitude responses after CPD-based de-
coupling. With the acceptance criterion |𝛬𝑖𝑖 − 1| ≤ 0.2 and |𝛬𝑖𝑗 | ≤ 0.2
over 𝛺 = [0, 𝑓DOB], 𝑷 𝑛𝑚∣𝑛𝑚 satisfies the criterion up to ≈ 35Hz, after 
which coupling increases as seen in Fig.  7.
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Fig. 8. RGA magnitude responses of the hybrid gantry stage under different 
payload conditions after CPD-based decoupling. (a) No additional mass (base-
line), (b) Mass on RA side, (c) Mass at crossbeam center, (d) Mass on SEA side.

Table 2
Quantitative evaluation of RGA-based decoupling before and after CPD trans-
formation. Acceptance conditions: 𝜉𝑅𝐺𝐴 ≤ 0.5, |𝛬𝑖𝑖 − 1| ≤ 0.2, |𝛬𝑖𝑗 | ≤ 0.2. 
 Design Case 𝜉∞ Max |𝛬𝑖𝑖 − 1| Max |𝛬𝑖𝑗 |

 band Before After Before After Before After 
 
∼35 Hz

nm 5.10 0.39 0.78 0.06 2.14 0.15  
 ra 19.54 11.64 4.43 2.56 5.34 3.26  
 ce 3.67 1.13 0.86 0.18 1.60 0.42  
 se 3.47 1.76 0.80 0.33 1.39 0.66  
 
∼20 Hz

nm 5.10 0.26 0.78 0.06 2.14 0.08  
 ra 3.70 0.50 0.78 0.12 1.79 0.14  
 ce 3.67 0.48 0.86 0.12 1.60 0.13  
 se 3.47 0.33 0.80 0.08 1.39 0.08  

When the design bandwidth is restricted to 20Hz, the criterion 
is satisfied for all payload cases. The pass/fail summary over 𝛺 =
[0, 20] Hz and 𝛺 = [0, 35] Hz is provided in Table  2, indicating that 
𝑷 𝑛𝑚∣𝑛𝑚 is appropriate as the nominal-model basis within a 35 Hz target, 
while a 20 Hz design bandwidth ensures acceptable decoupling across 
all cases.

The RGA acceptance conditions define the valid DOB design band-
width in a design-oriented manner, and if the criterion is not satisfied 
after CPD, the design is restricted to a smaller feasible bandwidth.

4. Disturbance observer design and robust stability analysis

4.1. Comparison condition for nominal model selection of disturbance ob-
server

This section evaluates nominal-model selection and DOB bandwidth 
using the robust-stability condition under payload variations, including 
comparisons between non-decoupled and CPD-decoupled representa-
tions.

To elaborate on the robust stability analysis procedure, the decou-
pled case based on the  nm condition is considered, and the following 
steps are followed.

1. The transformation matrices 𝑼 𝑛𝑚 and 𝑽 𝑛𝑚 obtained under (𝑷 𝑛𝑚) 
condition are defined.

2. The nominal model 𝑷 𝑛𝑚
𝑛 (𝑠) is defined as the diagonal components 

of the CPD-decomposed no-load model: 𝑷 𝑛𝑚
𝑛 (𝑠) = diag

(

𝑷 𝑛𝑚∣𝑛𝑚(𝑠)
)

3. The actual system 𝑷 (𝑠) consists of the decoupled dynamics ob-
tained using the  nm-based transformation matrices under the 
three payload conditions: 𝑷 (𝑠) ∶= 𝑼−1 𝑷 (𝑠)𝑽 −𝑇
{𝑟𝑎,𝑠𝑒,𝑐𝑒}∣𝑛𝑚 𝑛𝑚 {𝑟𝑎,𝑠𝑒,𝑐𝑒} 𝑛𝑚

5 
Fig. 9.  Robust stability analysis using the non-decoupled frequency response, 
with 𝑄(𝑠) including resonance dynamics (cutoff frequency: 35 Hz); (a) 𝑃 𝑛𝑚

𝑛 (𝑠), 
(b) 𝑃 𝑟𝑎

𝑛 (𝑠), (c) 𝑃 𝑐𝑒
𝑛 (𝑠), and (d) 𝑃 𝑠𝑒

𝑛 (𝑠).

4. Robust stability is evaluated by the worst-case small-gain cost 
over the LPV corner conditions: 
𝐽𝑘 ≜ max

𝜌≠𝑘
sup

𝜔∈[0,2𝜋𝑓DOB]
20 log10

(

𝜎̄
(

𝜟(𝑗𝜔)𝑻 𝑧→𝑤(𝑗𝜔)
))

, (17)

and 𝐽𝑘 < 0 dB ensures robust stability over 𝛺 = [0, 𝑓DOB].

Sections 4.2 and 4.3 examine 35 Hz and 20 Hz, respectively. The 
bandwidths are chosen by inspecting the RGA index of the measured 
FRFs and selecting the maximum design band that does not exceed 
acceptance thresholds, resulting in approximately 35 Hz for the  nm 
condition after CPD and a conservative 20 Hz that remains admissi-
ble across all payload conditions. Both settings respect the practical 
phase-lag bound of the Q-filter and preserve sufficient phase margin, 
including digital delays.

In addition, the RS formulation can be extended to a practical 
closed-loop configuration including an outer feedback controller, and 
the feasibility conclusion is preserved under the same nominal selection 
procedure.

4.2. Robust stability analysis based on nominal model and payload condi-
tions

In this section, the DOB bandwidth is set to 35 Hz, and robust 
stability is evaluated by applying either the non-decoupled or the CPD-
decoupled nominal model. This comparison provides an evaluation of 
the nominal model selection approach for the DOB.

The four subplots in Figs.  9 and 10 correspond to different choices of 
nominal models used in the disturbance observer design: top-left:  nm 
(no additional mass), top-right: 𝑟𝑎 (mass attached to the rigid actuator), 
bottom-left: 𝑐𝑒 (mass attached at the center), and bottom-right: 𝑠𝑒
(mass attached to the SEA). Each subplot shows the actual system 
responses under three different payload conditions. The black dashed 
line indicates the robust stability threshold (0 dB), and the responses 
are required to remain below this line across the entire frequency range 
to satisfy the robust stability condition.

Fig.  9 shows the robust stability based on the non-decoupled system. 
In all conditions, frequency regions exceeding 0 dB are observed. This 
result implies that, in an asymmetric LPV system, the use of a conven-
tional nominal model without dynamic decoupling makes it difficult 
to achieve robust stability due to the influence of resonance dynamics. 
Therefore, it becomes fundamentally difficult to design a DOB whose 
bandwidth includes resonant dynamics when using the non-decoupled 
model.

Fig.  10 shows the robust stability results when the DOB is designed 
based on the CPD-decoupled model. When 𝑷 𝑛𝑚(𝑠) is used as the nominal 
𝑛
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Fig. 10. Robust stability analysis using the CPD-decoupled frequency re-
sponse, with 𝑄(𝑠) including resonance dynamics (cutoff frequency: 35 Hz); 
(a) 𝑃 𝑛𝑚

𝑛 (𝑠), (b) 𝑃 𝑟𝑎
𝑛 (𝑠), (c) 𝑃 𝑐𝑒

𝑛 (𝑠), and (d) 𝑃 𝑠𝑒
𝑛 (𝑠).

model, as shown in Fig.  10(a), all payload conditions remain below 
0 dB, and robust stability is satisfied. In contrast, when 𝑷 𝑟𝑎

𝑛 (𝑠), 𝑷 𝑐𝑒
𝑛 (𝑠), 

or 𝑷 𝑠𝑒
𝑛 (𝑠) is applied in Figs.  10 (b)∼(d), responses exceeding 0 dB are 

observed in all payload conditions.
These results imply that CPD-based decoupling is advantageous for 

achieving sufficient DOB bandwidth from the perspective of robust 
st ability. In particular, for asymmetric MIMO systems, using the no-
load ( nm) condition as the nominal model is considered appropriate. 
Although CPD is applied, the choice of nominal model has a significant 
impact on robust stability. In addition, the robust stability evaluation 
aims to select a nominal model, not to satisfy all cases simultaneously, 
and the evaluation is used to select a feasible nominal candidate. For 
a selected nominal model, the small-gain condition must hold for all 
remaining payload cases over the design band. In this context, the no-
load ( nm) condition is a reasonable and effective choice because the 
no-load case places resonances higher and reduces asymmetric cou-
pling, leading to smaller normalized uncertainty under the same Q-filter 
and a consistently larger robust-stability margin. The resulting worst-
case values 𝐽𝑘 are summarized in Table  3 for a compact comparison 
among nominal candidates. At 𝑓𝐷𝑂𝐵 = 35 Hz, the  nm-based nominal 
model is the only candidate that satisfies the robust-stability condition 
after CPD, enabling the highest admissible DOB bandwidth among the 
candidates.

4.3. Robust stability analysis based on bandwidth and payload conditions

In this section, robust stability is analyzed with the DOB cutoff 
frequency set to 20 Hz to suppress resonance dynamics.

Fig.  11 shows the robust stability results when the DOB is designed 
based on the FRF of the non-decoupled system. Robust stability is 
satisfied when 𝑷 𝑛𝑚

𝑛 (𝑠) or 𝑷 𝑠𝑒
𝑛 (𝑠) is used, as all payload conditions remain 

below 0 dB. In contrast, for the other cases, certain frequency regions 
exceed 0 dB. These results indicate that reducing the DOB bandwidth 
can help achieve robust stability under specific conditions. However, 
the choice of nominal model has a significant influence on stability.

Fig.  12 shows the case where the DOB is designed using the CPD-
decoupled model, and the analysis is conducted based on the same 
four nominal model conditions. The cases based on 𝑷 𝑐𝑒

𝑛 (𝑠) and 𝑷 𝑠𝑒
𝑛 (𝑠)

satisfy the robust stability condition across the entire frequency range. 
However, when 𝑷 𝑟𝑎

𝑛 (𝑠) is used, certain responses approach or exceed 
0 dB under specific conditions. In this case, robust stability is not fully 
achieved.

These results indicate that reducing the DOB bandwidth can be ef-
fective in ensuring robust stability, and confirm that CPD-based models 
can improve stability across various payload conditions. However, the 
6 
Fig. 11. Robust stability analysis using the non-decoupled frequency response, 
with 𝑄(𝑠) excluding resonance dynamics (cutoff frequency: 20 Hz); (a) 𝑃 𝑛𝑚

𝑛 (𝑠), 
(b) 𝑃 𝑟𝑎

𝑛 (𝑠), (c) 𝑃 𝑐𝑒
𝑛 (𝑠), and (d) 𝑃 𝑠𝑒

𝑛 (𝑠).

Fig. 12. Robust stability analysis using the CPD-decoupled frequency re-
sponse, with 𝑄(𝑠) excluding resonance dynamics (cutoff frequency: 20 Hz); 
(a) 𝑃 𝑛𝑚

𝑛 (𝑠), (b) 𝑃 𝑟𝑎
𝑛 (𝑠), (c) 𝑃 𝑐𝑒

𝑛 (𝑠), and (d) 𝑃 𝑠𝑒
𝑛 (𝑠).

Table 3
Worst-case robustness cost 𝐽𝑘 over 𝛺 = [0, 𝑓DOB] evaluated over the LPV corner 
conditions.
 𝑘 𝑓DOB = 20 Hz 𝑓DOB = 35 Hz

 𝐽𝑘 (Before) 𝐽𝑘 (After) 𝐽𝑘 (Before) 𝐽𝑘 (After) 
 nm −0.728 −1.947 1.180 −0.299  
 ra 0.529 −0.079 8.060 29.835  
 ce 0.145 −6.383 1.130 0.322  
 se −2.648 −2.202 4.518 4.652  

limited bandwidth can degrade disturbance rejection performance in 
the high-frequency range, highlighting the need to consider the trade-
off between control performance and robust stability in the design 
process. Table  3 provides a worst-case robustness summary of Figs. 
9–12 via 𝐽𝑘 over 𝛺 = [0, 𝑓DOB] and the LPV corner plants. 

5. Conclusion

A robust DOB framework is proposed for a hybrid gantry stage with 
actuator asymmetry and payload-dependent LPV dynamics. Frequency-
domain RGA and CPD are employed to assess coupling and to select 
a nominal model. Using the transform identified from the no-load 
condition, a unified representation is constructed, and robust stability 
is validated using experimentally measured FRFs across payload cases 
within the selected DOB bandwidth.
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Future work includes closed-loop validation with an outer feed-
back controller and robustness evaluation under stronger unmodeled 
dynamics and continuously varying payload conditions.
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