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Simple Methods for Estimating Required SNR in
Dual-Polarized MIMO Systems Under Limited XPD

Sungjun Ahn , Member, IEEE, and Sung-Ik Park , Fellow, IEEE

Abstract—This paper presents simple semi-analytical methods
for estimating the required carrier-to-noise ratio (CNR) in multi-
input multi-output (MIMO) broadcasting systems. The estimates
are derived according to cross-polarization discrimination (XPD)
level of the transmission channel, thereby evaluating the impact
of cross-polarization interference. The proposed models convert
known single-input single-output (SISO) system performance,
e.g., CNR threshold measurements in ATSC A/327 [Annex A, 1],
into the CNR required in MIMO transmission. Two classes
of estimation are developed: one assuming perfect channel
knowledge (Class P), and the other accounting for channel
estimation errors and pilot boosting (Class E). In addition to
the conventional single-layer configuration, estimations under
layered division multiplexing (LDM) configurations are also
addressed, where every layer is assumed to use MIMO. Closed-
form expressions are provided for both layered and non-layered
MIMO scenarios. The models offer a lightweight alternative to
full-system simulations, enabling early-stage design evaluation
and practical system planning in cross-polarized environments.

Index Terms—Cross-polarized MIMO, cross-polarization dis-
crimination (XPD), threshold of visibility (ToV).

I. INTRODUCTION

A. Background and Motivation

TERRESTRIAL broadcasting has entered a new era, one
defined by the real-world deployment of multiple-input

multiple-output (MIMO) technology [3], [4], [5], [6], [7].
MIMO has been a cornerstone of wireless communications,
offering dramatic gains in throughput and spectral efficiency
in unicast environments [8]. Yet despite its theoretical promise,
MIMO has long remained unrealized in commercial broadcast
systems, constrained by the unique challenges of wide-area,
one-to-many delivery [9], [10]. While such technical chal-
lenges are increasingly seen as manageable, MIMO adoption
in digital television (DTV) has been held back more by
legacy compatibility and cost constraints than by fundamental
limitations [11], [12], [13].

That landscape is now changing. Brazil’s TV 3.0 project
[14], [15], a national initiative to redefine the country’s
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broadcasting standard,1 has placed MIMO support at the
core of its physical-layer requirements [16]. This mandate
was established from the ground up, and in line with it,
the combined use of layered division multiplexing (LDM)
and MIMO has also been formally required. Both of those
requirements aim to amplify spectral efficiency against Brazil’s
congested spectrum environment [17], [18], [19].

In response, Advanced Television Systems Committee
(ATSC) has revised ATSC 3.0 physical-layer specifications to
make MIMO functionality practical and to extend it through
the integration of additional features [3], [20], [21]—including
layered MIMO techniques, i.e., operational designs that com-
bine LDM and MIMO2 [7], [22]. Real-world implementations
and field trials have since validated the system’s feasibility
[23], [24], [25], ultimately leading to the selection of ATSC
3.0 as the winning proposal for TV 3.0 [14], [26], [27].
With deployment already in motion, MIMO broadcasting is
no longer hypothetical—it is happening.

This evolution brings new performance questions to the
forefront. As the first national-scale deployment of MIMO
broadcasting, the rollout of TV 3.0 faces a lack of prior data
to inform network planning and design. Conventional single-
input single-output (SISO) systems benefit from a wealth of
legacy data that guides coverage prediction [28], [29], [30],
[31], [32], [33], [34]. The so-called threshold of visibility
(ToV), i.e., the minimum carrier-to-noise ratio (CNR)3 required
for successful reception, has been thoroughly characterized
over decades of development. For example, ATSC A/327 [1]
Annex A provides a comprehensive collection of computer
simulations, laboratory tests, and field measurements detail-
ing ToV levels for every modulation and coding (ModCod)
combination defined in ATSC 3.0. Broadcasters have also
accumulated empirical knowledge through years of managing
SISO-based networks.

In contrast, the MIMO sector is still short of comparable
reference data, and this shortage impedes prompt network roll-
out. MIMO ToV values deviate from their SISO counterparts

1The new standard is referred to as TV 3.0 or DTV+, and the project is led
by SBTVD Forum. As of this writing, TV 3.0 has adopted ATSC 3.0 for its
physical layer and is poised for deployment.

2A/322 already included basic definitions of MIMO operations prior to this
amendment [21], but lacked several essential details and did not support inte-
gration with LDM, transmitter identification [35], [36], or channel bonding.

3To avoid confusion, this paper uses a term CNR instead of signal-to-noise
ratio (SNR). CNR is defined here as the total received signal power per
polarization branch (including the cross-polarized component) over the noise
floor, i.e., a pre-equalization SNR measured prior to MIMO equalization.
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because spatial multiplexing introduces an additional degree of
freedom and, consequently, additional loss factors. A primary
issue is cross-polarization interference (XPI). Current broad-
cast MIMO architectures exploit dual, orthogonal polarizations
to convey two spatial streams [4]; however, the achievable gain
is governed by the channel’s cross-polarization discrimination
(XPD) [37].

Real-world XPDs are generally limited: Reflections in non-
line-of-sight (NLoS) propagation paths convert polarization,
and residual isolation in real antennas leaves non-negligible
leakage between the polarization paths [38], [39]. These
impairments raise the required CNR in MIMO systems even
when all other parameters, e.g., ModCod, remain unchanged.
MIMO equalization yet isolates the polarization signals but
high XPD drags it from perfection, and even degrades the
underlying channel estimation accuracy.

An exhaustive measurement campaign—similar to the SISO
effort in A/327 Annex A—might solve this problem, but the
MIMO test matrix grows combinatorially with XPD setting
alongside other existing profiles. Field and lab studies [23],
[24], [25], [40], [41], [42], [43] that conducted performance
evaluations found this issue to be a serious challenge. For
example, conventions for SISO have addressed a handful of
representative channel models, e.g., Additive white Gaussian
noise (AWGN), RL20, RC20, TU-6 models [1], [30], but now
MIMO needs to add XPD dimension to each model. Adding
the increased complexity inherent in MIMO simulations and
measurements themselves, the burdens render such brute-force
approaches prohibitive for time-critical TV 3.0 deployment.

Against this backdrop, a lightweight alternative is needed;
one that avoids rebuilding an exhaustive measurement dataset.
This paper therefore introduces a tractable, formula-driven
framework for predicting MIMO ToV—an aspect largely
absent from prior MIMO-theoretic studies. The proposed is
a closed-form procedure that extrapolates MIMO ToVs from
the extensive SISO data already in hand, achieving simplicity
without sacrificing reliability. We bridge well-characterized
SISO measurements to realistic MIMO performance projec-
tions under XPD conditions. Notably, this approach applies to
virtually any physical-layer configuration, including ModCod
settings, and is even agnostic to standard specifications. Fur-
thermore, this paper provides ToV estimators also for layered
MIMO4 transmissions, a feature widely recognized as pivotal
for the upcoming era.

This work has been developed in response to practical
requests received from ATSC and Brazilian TV 3.0 stakehold-
ers, and has been incorporated into ATSC A/327 [1]. By means
of the proposed methods, designers gain a compact toolkit for
full-scale radio map simulation of MIMO transmissions. XPD-
aware ToV estimates can be plugged directly into coverage
engines to project cell contours on real terrain for any mix
of system setups.5 The same figures will further feed vari-
ous design tasks including link budgets, interference studies,
and channel allocation plans. Receiver development will also
benefit, aided by a clear guide for algorithm validation and

4Specifically, this paper covers layered MIMO Type A in A/322 [20].
5The proposed methods have been integrated into the commercial network

coverage planning software PROGIRARO Plan.

implementation-loss evaluation. Amplifying this versatility, the
proposed approach can readily and generally be transferred to
other wireless systems as well.

B. Main Contributions

This paper proposes compact, closed-form methods for
estimating the ToV required for MIMO broadcast reception,
namely the CNR threshold for quasi-error-free (QEF) perfor-
mance. Methodologically, SISO ToVs are converted into their
MIMO counterparts; equivalently, we illustrate the impact of
XPI as a ToV penalty.6 The main contributions are as follows:
• Tractable, closed-form prediction models are proposed

to derive the required CNRs in cross-polarized MIMO
systems.
• An efficient approach is proposed: Mapping known

SISO ToVs (such as those measured in [1]) into
equivalent MIMO performance estimates.

• ToV estimates are derived as a function of channel XPD
and span standard AWGN, Rayleigh, and Rician channel
models that capture practical propagation conditions.

• Two classes of estimation procedures are developed
according to the available channel knowledge:
• Class P: Assumes perfect channel state information

at the receiver (CSIR).
• Class E: Incorporates channel estimation error via

a theoretical minimum mean-square error (MMSE)
estimator and accounts for pilot-boosting effects.

• ToV estimators for LDM+MIMO configurations are
developed, yielding the threshold CNR for each layer.

C. Notation and Outline

A brief remark on notation is in order. The following
conventions are used throughout the remainder of this paper.
τM Required CNR estimate in a MIMO system

(linear-scale), i.e., the estimated MIMO ToV.
τS Reference CNR requirement measured in

SISO systems (linear-scale), i.e., the refer-
ence SISO ToV.

µ Channel model parameter s.t.
µ ∈ {AWGN,RL,RC}.

ΘXPD Channel XPD parameter defined as subject
to the channel model.

χdB
L dB-scale channel XPD evaluated in the LoS

part of MIMO channel.
χdB

N dB-scale channel XPD evaluated in the
NLoS part of MIMO channel.

δ Enhanced layer injection level (linear-scale).
FPB Pilot boosting applied to the scattered pilots

(dB-scale).
EX[ · ] Statistical expectation over the ensemble of

X.
det(A) Determinant of a matrix A.
I Identity matrix.
log(·) Natural logarithm.
‖ · ‖F Frobenius norm.
CN (m, σ2) Complex Gaussian distribution with mean m

and variance σ2.

6Note that the throughput nearly doubles while MIMO calls for this ToV
markup. Other modulation and encoding schemes are assumed as unchanged.
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Vectors are denoted by lower-case bold letters, while matri-
ces are denoted by upper-case bold letters. Other notations
follow standard usage unless otherwise specified.

The rest of this article is organized as follows. Section II
introduces the system models that underpin the proposed ToV
estimators. Sections III and IV directly present the results on
how to estimate the threshold CNRs, while addressing the
perfect CSIR case and MMSE-estimated CSIR case, respec-
tively. Sections V and VI detail the derivations behind these
results, and Section VII explains the relationship between XPD
concepts. Numerical results are presented in Section VIII, and
Section IX concludes the paper with final remarks.

II. SYSTEM MODEL AND ORGANIZATION

This section describes the system model considered. Sec-
tion II-A presents an overview; Section II-B details the channel
models thereof; Section II-C outlines the organization and
class structure of the proposed estimation procedures.

A. System Description

The tackled is a 2× 2 wireless MIMO system that employs
cross-polarized transmission. Spatial multiplexing is realized
over two orthogonal polarizations: for example, vertical and
horizontal in the linear/planar case, or left- and right-hand
senses in the circular case. Here, the term polarization refers
to the orientation of a radio wave’s electric field vector relative
to the horizon as viewed from the antenna. For clarity, the two
orthogonal polarizations will be designated as polarization #1
(pol #1) and polarization #2 (pol #2) throughout this paper,
consistent with the notation in [20].

That is, each encoded message block, namely a codeword,
is split across pol #1 and pol #2 transmissions. Precisely, the
bit-interleaved coded modulation (BICM) chain operates as
follows: A codeword is first generated, then demultiplexed into
two bit streams dedicated to pol #1 and pol #2, respectively;
each stream is subsequently mapped to its own sequence of
constellation symbols.

The baseline scheme is a single-layer transmission without
LDM, referred to hereafter as non-layered (or single-layer)
MIMO. When this single-layer MIMO is used, the received
baseband signal can be expressed as

y = Hx + n

=

�
h00 h10
h01 h11

�
x + n, (1)

where x = [x0, x1]T ∈ C2×1 denotes the power-scaled transmit
symbol7 vector consisting of the pol #1 component x0 and the
pol #2 component x1; H ∈ C2×2 denotes the MIMO channel
matrix for small-scale fading with EH[|h00|

2] + EH[|h10|
2] =

EH[|h01|
2] + EH[|h11|

2] = 1; and n = [n0, n1]T ∈ C2×1 denotes
the additive white Gaussian noise (AWGN) vector consisting
of the pol #1 component n0 and the pol #2 component n1.

7In this paper, a symbol (data or pilot) is used in the generic sense to denote
a complex signal value on a single time–frequency element (one subcarrier in
one OFDM symbol interval), equivalent to a cell in ATSC 3.0. OFDM symbol
denotes the full OFDM symbol.

Note that x ∼ CN (0, PRI) includes large-scale fading (e.g.,
path-loss and shadowing), which means that PR ≥ 0 represents
the received signal power on each polarization.8 On the other
hand, n conforms to CN (0, σ2

nI), where σ2
n > 0 indicates the

system noise level. The statistical characteristics of H will
later be detailed in Section II-B.

The results in this paper are theoretical estimates relying
on optimal MIMO equalization assumption at the receiver.
Maximum likelihood (ML) MIMO equalization is assumed
for the calculation model, so minor implementation losses can
potentially be added when other MIMO equalization schemes
are used, such as MMSE methods.

§ Remark: Issues in measuring MIMO signal strength
In contrast to the SISO case, MIMO systems raise a mea-

surement question about the threshold signal power required
for successful decoding. The problem stems from the presence
of multiple antenna branches. In SISO systems, the SNR maps
directly to the received field strength, which field engineers
can measure at the antenna feed line. In MIMO, however,
the effective SNR for each multiplexed codeword is defined
after MIMO equalization; it no longer aligns with the raw field
strength and therefore cannot be measured directly in the field.
MIMO equalization (or often MIMO detection) is performed
internally within the demodulator chipset and is therefore
mostly inaccessible to field-measurement probes. Moreover,
these post-processed signal-to-noise ratio (SNR) values remain
distant from environmentally representative metrics, as they
fail to capture channel conditions like XPD.

Hence, CNR is adopted as the target metric for ToV in
MIMO systems. The CNR is obtained based on field strength
measurements taken along each polarization path [23], [44],
[45]. In this paper we assume equal channel power on pol #1
and pol #2, so the CNR is identical whether it is measured on
pol #1, on pol #2, or averaged over both. In addition, note
that the received signal on each polarization includes both
the co-polarization and polarization-shifted components. The
portion between them is determined by XPD. The concept of
CNR captures this mixture. Based on the expression in (1), the
received CNR is defined accordingly as EH[|h00 x0 |

2]+EH[|h10 x1 |
2]

σ2
n

=
EH[|h01 x0 |

2]+EH[|h11 x1 |
2]

σ2
n

= PR
σ2

n
. �

1) Layered MIMO Transmission: Beyond the single-layer
example, this work also addresses layered MIMO, the combi-
nation of LDM and MIMO transmission. Specifically, Layered
MIMO Type A defined in A/322:2024-09 is tackled.9 Through-
out the paper, we confine the use of the term layered MIMO
exclusively to this Layered MIMO Type A configuration.

Layered MIMO overlays two independent messages in a
superposition coding fashion [7]. Following ATSC 3.0 LDM
terminology [46], the higher-power layer is called the core
layer (CL), and the lower-power layer is called the enhanced

8This paper focuses on a symmetric case in which the two polarizations
arrive with equal power. Although power imbalance could often appear in
the wild, the proposed estimators still provide a useful baseline, and the
framework can readily be extended to asymmetric scenarios.

9Layered Type A is a direct superposition that both layers use MIMO,
whereas Type B combines a SISO core layer with a MIMO enhanced layer,
thereby enabling backward compatibility with legacy SISO systems.
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layer (EL). ATSC 3.0 systems specifically indicate CL
physical-layer pipes (PLPs) by L1D plp layer = 0 and
EL PLPs by L1D plp layer > 0. When layered MIMO is
applied, the received signal is accordingly given by

y = Hx + n
= H(xc + xe) + n, (2)

where xc = [xc0, xc1]T ∈ C2×1 and xe = [xe0, xe1]T ∈ C2×1

are the power-scaled transmit symbol vectors for CL and
EL, respectively. The power split between the CL and EL
is governed by the injection level, denoted by δ ∈ (0, 1),
such that xc ∼ CN

�
0, PR

1+δ I
�

, xe ∼ CN
�

0, δPR
1+δ I

�
. In an

A/322 language, the dB-scale expression IL = −10 log10 δ
is signaled by L1D plp ldm injection level.

Receivers interested in the CL simply use y in (2), treating
the EL as additive noise—referred to as inter-layer interfer-
ence (ILI). That is, the received CL signal yc is found as
yc = y. Receivers targeting the EL, on the other hand, apply
successive-interference cancellation (SIC) to remove the CL
component before decoding the EL. Assuming a perfect CL
cancellation, the received EL signal can then be written as

ye = Hxe + (Hxc − Ĥx̂c) + n
≈ Hxe + n, (3)

where Ĥ and x̂c indicate the channel estimate and the restored
CL signal, respectively [47], [48], [49]. Successful CL decod-
ing yields x̂c = xc. Note that, because CL decoding should be
completed first for SIC, the reception requirement for the EL
is typically set stricter than that for the CL [1], [20].

2) Pilot Transmission and Channel Estimation: This paper
starts with Class P estimation, the baseline model that relies
on the perfect CSIR, and extends further with Class E model
accounting for channel estimation errors. Whereas Class P esti-
mation can proceed directly from (1)-(3), Class E additionally
unfolds the signal models as

y = Hx + n = Ĥx„ƒ‚…
desired

+ H̃x + n„ ƒ‚ …
effective noise

, (4)

yc = Ĥxc„ƒ‚…
desired

+ H̃xc + Hxe + n„ ƒ‚ …
effective noise

, (5)

ye = Ĥxe„ƒ‚…
desired

+ H̃xc + H̃xe + n„ ƒ‚ …
effective noise

, (6)

where Ĥ and H̃ = H − Ĥ stand for the channel estimate
at the receiver and its estimation error from the true H,
respectively [50]. When Class E is considered, pilot signals
can contribute the received signal strength PR, we specify the
data signal power by x ∼ CN (0, PdI), xc ∼ CN

�
0, Pd

1+δ I
�

,

and xe ∼ CN
�

0, δPd
1+δ I

�
with notation Pd. Note here that the

effective signal quality can deteriorate further, depending on
channel estimation accuracy.

Class E procedures employ a linear MMSE (LMMSE)
channel estimator to model Ĥ and H̃, thereby yielding a
tractable, standard theoretical framework. As in conventional
wireless systems, the process is pilot-driven, and the pilot
topology is simplified as follows.

The channel follows a block-fading model: The state
remains constant within a fading block, and one pilot symbol
matrix is assumed to serve a single block. Regarding the
cardinality of 2 × 2 MIMO, the LMMSE filter uses a two-
symbol window; that is, two adjacent pilot cells belong to
the same block. Preserving orthogonality, the pilot vectors are
given by p1 = [p, 0]T and p2 = [0, p]T for ∃p ∈ C, where
the first entry is the pol #1 component and the second is the
pol #2 component. Transmitted in successive pilot instants, p1
and p2 form a space-time signal matrix

P = pI =

�
p 0
0 p

�
. (7)

Note that the pilot power Pp = |p|2 is determined as relative
to the data signal power Pd by Pp = 2A2

SPPd, where ASP =

10
FPB
20 is an amplitude gain introduced by pilot boosting10 of

FPB dB. Pp and Pd satisfy Pp = 2A2
SPκdPR and Pd = κdPR,

where
κd =

1

1 − 1
DX DY

+
A2

SP
DX DY

(8)

represents the amount of data signal power reduction
due to pilot boosting [51]. DX and DY here denote the
frequency- and time-domain separations of adjacent pilots,
respectively, in an OFDM cell unit. In ATSC 3.0 sys-
tems, DX and DY are signaled by the scattered pilot
pattern indicator L1B first sub scattered pilot pattern
or L1D scattered pilot pattern. We assume that DX and
DY are chosen dense enough to ensure block-fading within an
inter-pilot duration.

B. Channel Models

This work considers three channel types: AWGN, Rayleigh
(RL), and Rician (RC). Each model imposes different statisti-
cal properties on H.

AWGN channel represents a situation where the channel
consists solely of line-of-sight (LoS) paths; RL channel depicts
the converse where the channel consists solely of non-LoS
(NLoS) scatters. RC channel represents the case having both
LoS and NLoS components, where the power ratio between
those is characterized by Rician K-factor.

Each corresponding realization of H is described in Table I,
where:

ρL ∈ ( 1
2 , 1] identifies the power portion of co- and

cross-polarization components in the LoS part of
MIMO channel. This value is determined by χdB

L ;
ρN ∈ ( 1

2 , 1] identifies the power portion of co- and
cross-polarization components in the NLoS part of
MIMO channel. This value is determined by χdB

N ;
g00, g10, g01, g11 denote the normalized random
fading gain at each MIMO channel entry, which are
i.i.d. random variables conforming to CN (0, 1);
K is the Rician K-factor.

Shortly, H = Hµ holds when ∃µ ∈ {AWGN,RL,RC} is
determined.

10See L1D scattered pilot boost in A/322 and the lookup tables related.
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TABLE I
CHANNEL MODEL DESCRIPTION

Note that gi j∈{00,10,01,11}s are the only random
variables presenting randomness of the channel.
That means, HAWGN is truly deterministic, while
HRL and HRC involve randomness such that
vec(HRL) ∼ CN (0, diag(ρN , 1 − ρN , 1 − ρN , ρN)), vec(HRC) ∼
CN

�q
K

1+K vec(HAWGN),
q

1
1+K diag(ρN , 1 − ρN , 1 − ρN , ρN)

�
.

NLoS components are designed as random, whereas the LoS
components remain deterministic.
ρL and ρN , identifying the power of each element, are

determined by the channel XPDs on LoS/NLoS part. XPD
is generically defined as

XPD =
Co-polarized signal power

Polarization-shifted signal power

measured within each received polarization wave. We specify
the term channel XPD as the XPD measured from the input to
the output of MIMO channel, thereby including the combined
effects of fading and antenna isolation (see Section VII for
details). When both LoS and NLoS components are present,
separate channel XPDs are defined, as χdB

L and χdB
N . The

relationship among ρL, χdB
L , ρN , and χdB

N are described as

ρL =
10

χdB
L
10

1 + 10
χdB

L
10

, ρN =
10

χdB
N
10

1 + 10
χdB

N
10

. (9)

For convenience we collect these parameters in the channel
XPD configuration identifier ΘXPD , (χdB

L , χdB
N ). Each term is

defined only when available: ΘXPD = χdB
L for HAWGN, ΘXPD =

χdB
N for HRL, and ΘXPD , (χdB

L , χdB
N ) for HRC.

Notably, the proposed ToV estimators incorporate preset
offset functions to tackle the analytical intractability of the
objective functions (see Section V). The coefficients of these
offset functions are precomputed offline by matching the
approximative equivalents to their target objectives. Accord-
ingly, the present methods, with the given offsets, support a
finite set of ΘXPD values listed in Table II, but can be readily
extended to other cases once the corresponding offsets are
computed. For intermediate XPD values currently not listed
in Table II, users may interpolate the estimation results (or
precomputed offset coefficients) between neighboring ΘXPD
points. As a simpler practical alternative, users may use the
results corresponding to the nearest tabulated ΘXPD value
as an approximation. Furthermore, with field use in mind,
we primarily reference the standard channel models widely
adopted in the broadcasting industry, namely AWGN, RL20
(DVB-P1), and RC20 (DVB-F1). Thus, a Rician K-factor of

K = 10 is used for the Rician condition, in accordance with
the RC20 profile.

C. Organization, Structure of the Estimator Program

Briefly, the proposed ToV estimators, hereafter called ToV
Estimators, operate as follows: Given the SISO ToV mea-
surement τS as input, ToV Estimators convert it into the
corresponding MIMO ToV estimate τM. The process also
requires a set of system and channel parameters as input,
depending on the target scenario:
• Always required: Estimator class (Class P/E), use of LDM

and the target layer (single-layer, CL, or EL), µ, and ΘXPD
• Required only for layered MIMO cases:δ
• Required only for Class E estimation: FPB, DX , and DY

ToV Estimators have six operating modes characterized by
the CSIR assumption and transmission layer configuration.
Primarily, the methods are classified into two modes: Class
P and Class E below.
• Class P: Perfect CSIR assumed.
• Class E: Channel estimation errors accounted.

The operation mode is further subdivided according to the
transmission layer configuration as follows:
• Single-layer (SL) mode: LDM is not applied (non-layered

MIMO).
• CL-target mode: Layered MIMO is applied and the ToV

for CL is to be estimated.
• EL-target mode: Layered MIMO is applied and the ToV

for EL is to be estimated.
§ Remark: Reference measurements τS
To be emphasized, τS must be taken only from SISO ToV

data measured under unfaded (AWGN) conditions. For
instance, Annex A of A/327 [1] lists SISO ToVs for four dif-
ferent channel conditions (AWGN, RC20, RL20, and TU-6) in
Tables A.3.2–A.3.6. Among these, only Table A.3.2 obtained
with the AWGN channel can be used for τS. ToV Estimators
are built as wholly responsible for fading effects, leaving τS
to serve as an uncontaminated ground truth.

As a brief example, Table III lists a subset of the SISO ToV
data excerpted from A/327. Each ToV is specified for a par-
ticular modulation profile, including a unique combination of
ModCod. A/327 also provides measurements obtained under
several test conditions, such as BICM-only simulations, end-
to-end link-level simulations, hardware-based laboratory tests,
and over-the-air field trials. An appropriate data set may be
selected depending on the user’s intent. For τS in this work,
we recommend using the link-level simulation results (labelled
‘Simulation’ in A/327 and in Table III) or the laboratory test
results (labelled ‘Lab Test’).

Such τS values can be regarded as perfect-CSIR obser-
vations because fading has been omitted. That is, Class E
procedure deals solely with the CSIR errors at the MIMO
receiver, since CSIR error-free τS is used as reference. In
addition, τS refers to the measurement obtained without pilot
boosting.

The QEF criteria applied to the estimation result are
consistent with those used to measure the rationale SISO
performance data. The A/327 data were measured at bit error
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TABLE II
CHANNEL XPD CONFIGURATIONS SUPPORTED IN ESTIMATION MODELS

TABLE III
SEVERAL EXAMPLES OF SISO TOV VALUES EXTRACTED FROM A/327,

AWGN CHANNEL RESULTS [DB]

rate (BER) = 10−6 (i.e., frame error rate (FER) = 10−4), and
the MIMO ToV estimates deduced therefrom are interpreted to
promise the same error performance. Note that the estimation
model may also use other reference datasets (instead of
A/327 Annex A) measured at different target error rates. The
guaranteed error performance should follow the referenced
criteria thereof.

To avoid any confusion, note also that τS is always taken
from single-layer (non-LDM) measurements. More directly,
the SL reference τS must be used even when estimating the
τM for CL or EL in layered MIMO setups. For convenience,
let τCL

M and τEL
M denote the τMs for CL and EL, respectively.

One should again remind here that each estimated τM is tied
to the ModCod setting of its underlying SISO SL reference.
In precise terms, it can be said: τCL

M is the total CNR required
to decode the CL when the CL uses the same ModCod as the
SL SISO test obtained τS; τEL

M is the total CNR required to
decode the EL when the EL uses the same ModCod scheme
tied with τS. �

III. RESULTS PART I: PERFECT CSIR CASE (CLASS P)

This section presents the closed-form results for Class P ToV
Estimator and its workflow. Class P assumes perfect CSIR
and thus constitutes a theoretical bound under an idealized
receiver. Despite this premise, the Class P procedure is the
simplest to apply and is broadly useful in practice. Results for

SL transmission appear in Section III-A; Section III-B extends
the results to layered MIMO.

A. SL (Non-LDM) Scenarios

The SL-case Class P procedure forms the baseline for all
ToV Estimator variants presented. The SL Class P estimator
is summarized in Result 1 below, which unifies the AWGN,
RL, and RC cases under a single parameterized framework.

§ Result 1 (Class P estimates for SL transmission): As
long as LDM is unused, the generalized formula for Class
P estimation is described as

τM = ζ × 10
fµco(ζdB |ΘXPD)

10 , (10)

whose dB-scale expression, which practitioners are more used
to, is given by

Required CNR [dB] = 10 log10 τM

= 10 log10 ζ + f µco(ζdB|ΘXPD). (11)

This is composed of an intermediate estimate

ζ =
−1 +

p
1 + Ωµ(ER − 1)

Ωµ
(12)

and a correction offset function f µco(ζdB|ΘXPD), where ζdB =

10 log10 ζ. Note that each µ realization (i.e., AWGN, RL, or
RC) has a unique f µco(ζdB|ΘXPD). Sections III-A.1, III-A.2,
and III-A.3 below detail their respective definitions.

The parameters ER and Ωµ are specified as

ER = 1 + 2τS + τ2
S (13)

and

Ωµ =

8̂<̂
:

ΩAWGN µ = AWGN

ΩRL µ = RL

ΩRC µ = RC

(14)

given as dependent on τS and µ, respectively. Each realization
of Ωµ is a scalar coefficient solely determined by XPD values;
and is quantified in Sections III-A.1, III-A.2, and III-A.3.

The estimation procedure computing τM unfolds as
Algorithm 1.
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TABLE IV

COEFFICIENTS OF f RL
co (ζdB | ΘXPD) W.R.T. XPD LEVELS

Algorithm 1 Class P Procedure in SL Scenarios
Input: τS, µ, and ΘXPD.

1: procedure CLASS P, SL
2: Initialization Compute ER and Ωµ.
3: Step 1: Compute ζ using (12).
4: Step 2: Obtain τM by applying f µco(ζdB|ΘXPD).
5: Use ζdB = 10 log10 ζ.
6: end procedure
7: return τM.

TABLE V

VALUES OF f RL
sat W.R.T. XPD LEVELS

1) AWGN Channel (Full-LoS): ΘXPD = χdB
L holds when

µ = AWGN since only LoS components are present; the NLoS
parameters ρN , χdB

N are undefined.
Given ρL by (9), the parameter Ωµ is specified as

ΩAWGN = (2ρL − 1)2, (15)

and f µco(ζdB|ΘXPD) = 0 always holds regardless of any ζdB and
ΘXPD. Shortly,

τM =

8<:−1+
√

1+(2ρL−1)2(2τS+τ
2
S)

(2ρL−1)2 ρL >
1
2 (χdB

L > 0)

τS +
τ2

S
2 ρL = 1

2 (χdB
L = 0)

(16)

holds for the AWGN channel case.
Note that, under AWGN conditions, this model permits any

real-valued ρL in the range of 1
2 < ρL ≤ 1. This means that

any χdB
L ≥ 0 is supported.

2) Rayleigh (RL) Channel: ΘXPD = χdB
N holds when µ = RL

since only NLoS components are present; the LoS parameters
ρL, χdB

L are undefined.
Given ρN by (9), the parameter Ωµ is specified as

ΩRL = ρ2
N + (1 − ρN)2. (17)

When conditioned on RL channel, a correction offset func-
tion

f RL
co (ζdB|ΘXPD) =

(P5
k=0 ck × (ζdB)k ζdB < 30

f RL
sat ζdB ≥ 30

(18)

applies to (10) (see Step 2 in Algorithm 1). The coefficients
ck∈{0,1,···5} constructing f RL

co (·) refer to Table IV. Note that these
coefficient values are also specific to χdB

N .

(18) relates that f RL
co (·) is saturated by f RL

sat when ζdB ≥

30 dB. Table V specifies this value f RL
sat according to χdB

N .
3) Rician (RC) Channel: When µ = RC, both χdB

L and χdB
N

are defined; accordingly, the XPD condition is the pair ΘXPD =

(χdB
L , χdB

N ).
Given ρL and ρN by (9), the parameter Ωµ is specified as

ΩRC =

�
ρLK

1 + K
+

ρN

1 + K

�2

+

�
(1 − ρL) K

1 + K
+

(1 − ρN)
1 + K

�2

−
2ρL (1 − ρL) K2

(1 + K)2 , (19)

and the correction offset function

f RC
co (ζdB|ΘXPD) =

(P5
k=0 ck × (ζdB)k ζdB < 30

f RC
sat ζdB ≥ 30

(20)

applies to (10) (see Step 2 in Algorithm 1). The coefficients
ck∈{0,1,··· ,5} in f RC

co (·) are enumerated in Table VI. Note that these
coefficient values are also specific to the pair (χdB

L , χdB
N ).

Note also that f RC
co (·) is saturated by f RC

sat when ζdB ≥ 30 dB.
Table VII specifies this value f RC

sat according to (χdB
L , χdB

N ).
§ Corollary 1.1: Asymptote of the SL mode Class P estimate
Asymptote of (10) at τS � 1 provides a convenient, coarse

estimate
τM −→

τS�1

τSp
Ωµ

× 10
fµsat
10 , (21)

which leads to ToV [dB]→ 10 log10
τS√
Ωµ

+ f µsat. Note that this

asymptote applies to µ = RL and RC, while the µ = AWGN
case directly finds τM →

τS√
Ωµ

.

B. LDM Scenarios (Layered MIMO Type A)

This section presents Class P procedures for layered MIMO
transmission. Accordingly, the estimate τM is identified for
each LDM layer in the following subsections.

1) CL-Target Mode: As mentioned in Section II-C, the CL-
target mode yields the total CNR required to decode the CL
in layered MIMO signals. The proposed method for this mode
is summarized in Result 2, covering all µ cases. For clarity,
we explicitly denote the ToV estimate in this mode (otherwise
generically written as τM) by τCL

M .
§ Result 2 (Class P estimate, CL in Layered MIMO Type

A): The Class P estimation in this mode is attributed to

τCL
M =

ζ̂CL

1 − ∆LDM − ∆LDMζ̂CL
, (22)

where the auxiliary variable ζ̂CL is expressed as

ζ̂CL = ζCL × 10
fµco(ζdB

CL |ΘXPD)
10 , (23)
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TABLE VI

COEFFICIENTS OF f RC
co (ζdB |ΘXPD) W.R.T. XPD LEVELS

TABLE VII

VALUES OF f RC
sat W.R.T. XPD LEVELS

and where

∆LDM =
δ

1 + δ
. (24)

represents the effective EL power portion. As noted earlier,
δ ∈ (0, 1) is a linear-scale variable, whereas specification
language of A/322 often uses IL = −10 log10 δ signaled by
L1D plp ldm injection level.

The parameter ζCL in (23) is defined as

ζCL =
(1 − ∆LDM)ζc

1 + ∆LDMζc
(25)

and the same f µco(·) as in Section III-A is applied while holding
ζdB

CL = 10 log10 ζCL as input. (25) can be viewed as a Möbius
transform of ζc, where the parameter ζc defining ζCL is given
by (26), as shown at the bottom of the page. ER and Ωµ in
(26) follow the definitions given in the previous section.

The estimation procedure computing τCL
M is summarized in

Algorithm 2. Expediting the process, τCL
M reduces to τCL

M = ζc

when µ = AWGN. Note also that the value τS corresponds to
the measurement obtained without applying LDM.

2) EL-Target Mode: The EL-target mode yields the total
CNR required to decode the EL in layered MIMO signals.
Likewise, the ToV estimate in this mode is denoted by τEL

M , and
the proposed method for this mode is summarized in Result
3.

§ Result 3 (Class P estimate, EL in Layered MIMO Type
A): The Class P estimation in this mode is expressed as

τEL
M =

ζ

∆LDM
× 10

fµco(ζdB |ΘXPD)
10

=
−1 +

p
1 + Ωµ(ER − 1)

Ωµ∆LDM
× 10

fµco(ζdB |ΘXPD)
10 (27)

where the related parameters ζ, ∆LDM, and ER are given
by (12), (24), and (13), respectively. The same f µco(·) as
in Section III-A is applied. The estimation proceeds in the
same manner as that described in Section III-A, with the
additional division by ∆LDM. This procedure is summarized
in Algorithm 3. Again, τS corresponds to the measurement
obtained without applying LDM.

IV. RESULTS PART II: ESTIMATED CSIR CASE (CLASS E)

The Class E procedure is an extension of Class P, specif-
ically designed to capture the impact of channel estimation
errors. CSI errors are embodied through an actual pilot-based
channel estimation process; this also provides a means to scale
system performance according to pilot boosting. Class E pro-
cedure specifically employs an LMMSE channel estimation,
which renders it a theoretical reference model. Accordingly,
system performance in commercial receivers may partly vary
depending on the channel estimation schemes implemented.

For the Class E procedure, the pilot topology and related
definitions are given in Section II-A.2. In particular, the
definitions of FPB, ASP, DX , DY , and κd are provided therein.
It should be noted that the referenced τS values correspond to
measurements obtained without applying pilot boosting.

A. SL Scenarios

§ Result 4 (Class E estimates for SL transmission): When
the transmission is configured in SL mode, the Class E ToV
estimate is given as follows.

1) AWGN Channel (Result 4-1): When µ = AWGN, channel
estimation errors are absent. In this case, the Class E estimate
reduces to the Class P estimation of Section III-A.1 unless
pilot boosting is applied. Once the Class E-version of f µco(·) is
defined as f µ|CE

co (·), we can write f AWGN|CE
co (ζdB|ΘXPD) = 0.

When pilot boosting applies, the result becomes

τM =
ζ

κd
, (28)

where ζ and κd are defined in (12) and (8), respectively.

ζc =
ER∆LDM − 1 +

q
(ER∆LDM − 1)2 + Ωµ(1 − ER∆2

LDM)(ER − 1)

Ωµ(1 − ER∆2
LDM)

(26)
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TABLE VIII

COEFFICIENTS OF f RL|CE
co (ζdB | ΘXPD) W.R.T. XPD LEVELS

Algorithm 2 Class P Procedure for CL (layered MIMO)
Input: Given τS, µ, ΘXPD, and δ.

1: procedure CLASS P, LDM CL
2: Initialization Compute ER, Ωµ, and ∆LDM.
3: Step 1: Compute ζc using (26).
4: Step 2:
5: if µ = AWGN then
6: τCL

M ← ζc . f AWGN
co (·) = 0

7: end procedure and return τCL
M .

8: else
9: Convert ζ into ζCL using (25).

10: Proceed to Step 3
11: end if
12: Step 3: Obtain ζ̂CL via (23).
13: . Apply (18) if µ = RL, and (20) if µ = RC.
14: . Use ζdB

CL = 10 log10 ζCL.
15: Step 4: Obtain τCL

M from (22).
16: end procedure
17: return τCL

M .

Algorithm 3 Class P Procedure for EL (layered MIMO)
Input: Given τS, µ, ΘXPD, and δ.

1: procedure CLASS P, LDM EL
2: Initialization Compute ER, Ωµ, and ∆LDM.
3: Step 1: Compute ζ using (12).
4: Step 2: Obtain ζEL via (27).
5: . By applying f µco(ζdB|ΘXPD) to ζ

∆LDM
.

6: end procedure
7: return τEL

M .

2) RL Channel (Result 4-2): When µ = RL, τM is deter-
mined by

τM =
(1 + A2

SP)ζ̂ +
q�

1 + A2
SP

�2
ζ̂2 + 4A2

SPζ̂

2A2
SPκd

(29)

where ASP and κd are defined in Section II-A.2 (see (8)), and

ζ̂ = ζ × 10
f RL|CE
co (ζdB |ΘXPD)

10 (30)

with ζ following (12). If pilot boosting is not applied, (29)
simplifies to τM = ζ̂ +

p
ζ̂2 + ζ̂. The intermediate estimate ζ̂

incorporates the correction offset function

f RL|CE
co (ζdB|ΘXPD) =

(P5
k=0 ck × (ζdB)k ζdB < 30

f RL
sat ζdB ≥ 30

(31)

where ζdB = 10 log10 ζ and ER is determined from τS by (13).
The coefficients ck∈0,1,··· ,5 are listed in Table VIII.

Algorithm 4 Class E Procedure: SL Mode
Input: τS, µ, ΘXPD, FPB, DX , DY .

1: procedure CLASS E, SL
2: Initialization: Compute ER, Ωµ, ASP, and κd.
3: Step 1: Compute ζ using (12).
4: Step 2:
5: if µ = AWGN then
6: Obtain τM using (28).
7: end procedure.
8: else
9: Obtain ζ̂ by applying f µ|CE

co (ζdB|ΘXPD).
10: Proceed to Step 3.
11: end if
12: Step 3: Convert ζ̂ into τM.
13: . Use (29) if µ = RL, and (33) if µ = RC.
14: end procedure
15: return τM.

Note that this f RL|CE
co (·) differs from the f RL

co (·) shown in
Section III-A.2.

However, (31) saturates at the same level f RL
sat when ζdB ≥

30 dB. See Table V listing the values f RL
sat with respect to χdB

N .
In summary, the Class E method involves one additional

step compared to the Class P process, namely the extraction
of (29) from (30). The estimation procedure is summarized in
Algorithm 4.

§ Corollary 4.1: Asymptote of the SL mode Class E estimate
Similarly to Corollary 1.1, an accessible rule-of-thumb

estimate can be obtained by observing the asymptote of (29)
at τS � 1. This asymptotic, coarse estimate is a scaled version
of (21), written as

τM −→
τS�1

(1 + A2
SP)τS

A2
SPκd

p
Ωµ

× 10
fµsat
10 , (32)

giving ToV [dB] → 10 log10
(1+A2

SP)τS

A2
SPκd
√

Ωµ

+ f µsat. Note that this

asymptote applies to µ = RL and RC, while the µ = AWGN
case directly agrees with a simple formula (28).

3) RC Channel (Result 4-3): When µ = RC, τM is deter-
mined by (33), as shown at the bottom of the next page, where
it finds

ζ̂ = ζ × 10
f RC|CE
co (ζdB |ΘXPD)

10 . (34)
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TABLE IX

COEFFICIENTS OF f RC|CE
co (ζdB | ΘXPD) W.R.T. XPD LEVELS

TABLE X

VALUES OF f RC
sat AND THRESHOLDS OF SATURATION W.R.T. XPD LEVELS

for ζ following (12). The correction offset function in (34)
is defined as

f RC|CE
co (ζdB|ΘXPD) =

8̂<̂
:

5X
k=0

ck × (ζdB)k ζdB < Th(ΘXPD)

f RC
sat ζdB ≥ Th(ΘXPD),

(35)
where the coefficients ck∈{0,1,··· ,5} and the saturation thresholds
Th(ΘXPD) are provided in Tables IX and X, respectively, for
each XPD configuration (χdB

L , χdB
N ).

The asymptotic estimate for this RC channel case again
coincides with (32). In fact, the validity condition may become
rather stricter, requiring (1+A2

SP)τS√
Ωµ

� 1 + K.

B. Estimations in Layered MIMO Type A, CL

In this subsection, the CL-target mode of Class E procedure
is addressed in the context of layered MIMO transmission. The
proposed methods are summarized in Result 5 and Algorithm 5
below.

§ Result 5 (Class E estimates for LDM CL): The Class
E ToV estimation in CL-target mode is derived for each µ
option, and is presented as the following Results 5-1, 5-2,
and 5-3, corresponding to AWGN, RL, and RC cases. As in

Section III-B.1, the ToV estimate for this mode is specially
denoted by τCL

M throughout this section.
1) AWGN Channel (Result 5-1): Given µ = AWGN, Class E

procedure yields

τCL
M =

ζc

κd
, (36)

where ζc follows (26).
2) RL Channel (Result 5-2): For µ = RL, Class E estimate

is given by

τCL
M =

(1 + A2
SP)ζr +

q�
1 + A2

SP

�2
ζ2

r + 4A2
SPζr

2A2
SPκd

, (37)

where

ζr =
ζ̂CL

1 − ∆LDM − ∆LDMζ̂CL
(38)

traces back to

ζ̂CL = ζCL × 10
fµ|CE
co (ζdB

CL |ΘXPD)
10 . (39)

Here, the parameters ζCL and f RL|CE
co (·) revisited in (39) follow

the definitions in Sections III-B and IV-A. That is, ζCL is given
by (25); the same f RL|CE

co (·) as in (31) is used while holding
ζdB

CL = 10 log10 ζCL as input. The ζc appearing in (25) is given
by (26).

3) RC Channel (Result 5-2): For µ = RC, τCL
M is given by

(40) as shown at the bottom of the page,
where the ζr term follows (38) and (39) applies there, now

with µ = RC. For (39) in this case, the same f RC|CE
co (·) as in

(35) is used while holding ζdB
CL = 10 log10 ζCL as input. Again,

ζCL in (39) references (25), and the ζc appearing in (25) is
given by (26).

C. Estimations in Layered MIMO Type A, EL

We now address the EL-target mode, with the proposed
methods summarized in Result 6 below. Throughout this

τM =
(1 + A2

SP)ζ̂ − (1 + K) +
q��

1 + A2
SP

�
ζ̂ − (1 + K)

�2
+ 4A2

SP(1 + K)ζ̂

2A2
SPκd

(33)

τCL
M =

(1 + A2
SP)ζr − 1 − K +

q�
(1 + A2

SP)ζr − 1 − K
�2

+ 4A2
SP(1 + K)ζr

2A2
SPκd

(40)



744 IEEE TRANSACTIONS ON BROADCASTING, VOL. 72, NO. 2, JUNE 2026

Algorithm 5 Class E Procedure for CL (layered MIMO)
Input: τS, µ, ΘXPD, FPB, DX , DY , and δ.

1: procedure CLASS E, LDM CL
2: Initialization Compute ER, Ωµ, ASP, κd, and ∆LDM.
3: Step 1: Compute ζc using (26).
4: Step 2:
5: if µ = AWGN then
6: Obtain τCL

M using (36).
7: end procedure.
8: else
9: Obtain ζCL by (25).

10: Proceed to Step 3.
11: end if
12: Step 3: Compute ζ̂CL = ζCL × 10

fµ|CE
co (ζdB

CL |ΘXPD)
10 .

13: . Apply (31) if µ = RL, and (35) if µ = RC.
14: . Use ζdB

CL = 10 log10 ζCL.
15: Step 4: Convert ζ̂CL into ζr using (38).
16: Step 5: Obtain τCL

M from (37).
17: end procedure
18: return τCL

M .

Algorithm 6 Class E Procedure for EL (layered MIMO)
Input: τS, µ, ΘXPD, FPB, DX , DY , and δ.

1: procedure CLASS E, LDM EL
2: Initialization Compute ER, Ωµ, ASP, κd, and ∆LDM.
3: Step 1: Compute ζ using (12).
4: Step 2: Convert ζ into ζEL using (45).
5: .ifµ = AWGN then
6: . Apply f AWGN|CE

co (ζdB|ΘXPD) = 0.
7: . else
8: . Apply (31) if µ = RL, and (35) if µ = RC.
9: . end if

10: Step 3: Obtain τEL
M from (41).

11: Use (42)-(44), depending on µ.
12: end procedure
13: return τEL

M .

section, the ToV estimate for this mode is denoted by τEL
M ,

consistent with Section III-B.2.
§ Result 6 (Class E estimates for LDM EL): The estimate

τEL
M is determined as

τEL
M =

8̂<̂
:
τEL

M |AWGN µ = AWGN

τEL
M |RL µ = RL

τEL
M |RC µ = RC,

(41)

with (42)–(44), as shown at the bottom of the next page,
specifying the respective realizations.

Each case traces back to the intermediate estimate

ζEL =
ζ

∆LDM
× 10

fµ|CE
co (ζdB |ΘXPD)

10 , (45)

which finds ζ and ∆LDM at (12) and (24). The correction
function f µ|CE

co (·) is the same as described in Section IV-A for
each µ. For µ = AWGN, f AWGN|CE

co (·) is set to zero.
The procedure in this mode unfolds as Algorithm 6. Overall,

the estimation procedure for LDM EL closely parallels that of

the SL case in Section III-B.2, with the main distinction being
the scaling of ζ by 1/∆LDM in the process.

V. DERIVATIONS AND PROOFS PART I: CLASS P

This section traces back to detailed derivations underlying
Class P results. Sections V-A, -B, and -C tackle Result 1,
Result 2, and Result 3 in order.

A. Derivation of Result 1: Class P, SL

Every result is drawn from channel capacity matching.
That is, we determine τM by matching the MIMO mutual
information (MI) to twice the SISO capacity at τS. According
to the signal model in (1), the instantaneous MI for SL MIMO
amounts to

IMI(Γ) = log det
�
I + ΓHHH� (46)

with optimal ML MIMO equalization [8], where Γ = PR
σ2

n
denotes the received CNR per polarization. The ergodic
MI averaged over H ensembles, EH[IMI(Γ)], then yields an
inequality

EH[IMI(Γ)] ≤ logEH
�
det
�
I + ΓHHH�� , ĨMI(Γ) (47)

that relies on Jensen’s inequality over a concave log function.
We first approximate the ergodic MI by ĨMI(Γ) to obtain ζ and
apply correction offsets afterhand.

On the other hand, the SISO capacity at τS is directly given
by CSISO = log(1+τS). We then solve MI matching for Γ such
that

EH[IMI(Γ)] = 2CSISO (48)

and define the solution as the Class P estimate τM.
1) AWGN Channel: With H = HAWGN given by Table I, a

simple algebra on (46) gives

eEH[IMI(Γ)] = 1 + Γ
X

i, j

|hi j|
2 + Γ2|h00h11 − h∗01h∗10|

2

= 1 + 2Γ + ΩAWGNΓ2. (49)

Note here that HAWGN is pure-deterministic so IMI(Γ) =

EH[IMI(Γ)] = ĨMI(Γ) directly holds, and the expectation in (49)
is hence neglected.

The previous definition (13) is an abbreviation of e2CSISO =

(1 + τS)2 , ER. The objective is then solving a quadratic
equation ΩAWGNτ

2
M + 2τM + 1 − ER = 0, which straight-

forwardly yields (16), equivlalently, (10) and (12) with
f AWGN
co (ζdB|ΘXPD) = 0. �

2) RL Channel: On the other hand, H = HRL gives

eĨMI(Γ)

= 1 + ΓEHRL

24X
i, j

|hi j|
2

35+ Γ2EHRL

�
|h00h11 − h∗01h∗10|

2�
= 1 + 2Γ + ΩRLΓ2 (50)

that includes expectations over ensembles of HRL. ζ in (12) is
then obtained accordingly from ΩRLζ

2 + 2ζ + 1 − ER = 0, a
spell-out of (48).

Note from (47) that a gap exists between EH[IMI(Γ)] and
ĨMI(Γ) in general. Prior work has highlighted the analytical
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Fig. 1. Illustration of f µco(ζdB |ΘXPD) (µ = RL, χdB
N = 10 [dB]).

intractability of ergodic MI and developed deterministic equiv-
alents, e.g., [52], [53]. However, these results are typically
asymptotic, valid only in the large-scale MIMO limit, and too
complex for our model.

Thus, a two-step process is adopted: (i) Solve ĨMI(ζ) =

2CSISO for a tractable proxy ζ; and (ii) apply a correction offset
to bring ζ to τM, which satisfies EH[IMI(τM)] = 2CSISO. From
(47), it can be deduced that achieving ĨMI(Γ) with EH[IMI(Γ′)]
requires a larger CNR Γ′ ≥ Γ. Accordingly, one can find, for
each Γ, a scaling factor ε(Γ) ≥ 1 such that

EH[IMI(ε(Γ)Γ)] = ĨMI(Γ). (51)

With ε(Γ) known, final estimate can proceed with τM =

ε(ζ)ζ. To this end, we numerically established parametric
fits for ε(Γ). The correction offset function f µco(ζdB|ΘXPD) =

10 log10 ε(ζ)|ΘXPD is the specific realization of ε(ζ). Note that
a dB-domain representation is adopted to align with industry
practice. For selected XPD configurations (see Table II) and a
dense set of Γs including [−5, 40] dB range, EH[IMI(Γ)]s were
computed over Monte Carlo ensembles of HRL. The gap to the
closed-form ĨMI(Γ) was quantified thereon; and curve fitting
consequently produced (18) with coefficients in Tables IV
and V. See Fig. 1 for an example illustration. The values of
f µsat were derived in integral form involving Bessel functions,
which still required numerical computation to evaluate.

Collecting the results (10), (12), (18), Tables IV and V
completes the derivation. �

3) RC Channel: This case is also addressed similarly. (12)
is extracted from ΩRCζ

2 + 2ζ + 1 − ER = 0, where ΩRC refers
to (19). A numerical process fabricated the correction offset
function f RC

co (ζdB|ΘXPD) in the same fashion. �

B. Derivation of Result 2: Class P, Layered MIMO CL

When I(a; b) dictates the MI between random variables a
and b, the achievable rate of CL amounts to

ICL
MI (Γ) = I(xc; y|H)

= log det
�
I + ΓHHH� − log det

�
I + ∆LDMΓHHH�

(52)

for an instantaneous H. For later notational convenience, let
us define

Io(γ,A) , log det
�
I + γAAH� (53)

for ∀γ ∈ R+ and ∀A ∈ C2×2. Then, (52) above can be
concisely rewritten by ICL

MI (Γ) = Io(Γ,H) − Io(∆LDMΓ,H). In
subsequence proceeding with ergodic metrics, applying Jensen
approximation to each Io term in EH[ICL

MI (Γ)] yields a Jensen-
type approximation

EH[ICL
MI (Γ)] ≈ ĨCL

MI (Γ) , log
�

1 + 2Γ + ΩµΓ
2

1 + 2∆LDMΓ + Ωµ∆
2
LDMΓ2

�
.

(54)
1) AWGN Channel: Given H = HAWGN, EH[IMI(γCL)] =

ĨCL
MI (Γ) holds directly since randomness in H is precluded. The

matching EH[IMI(τM)] = 2CSISO promptly turns out to form a
quadratic equation ΩAWGN(1−ER∆2

LDM)τ2
M+2(1−ER∆LDM)τM+

1 − ER = 0, which results in τM = ζc where ζc complies with
(26) with µ = AWGN. �

2) RL Channel: The difference-of-log form of ICL
MI (Γ)

complicates a direct CNR correction from ĨCL
MI (Γ) toward

EH[ICL
MI (ε(Γ)Γ)]. Alternatively, we can make a detour assisted

by a Padé approximation

ICL
MI (Γ) =

X
i=1,2

log det
�

I +
(1 − ∆LDM)Γλi

1 + ∆LDMΓλi

�
≈ log det

�
I + Φ(Γ)HHH� = Io(Φ(Γ),H), (55)

where λ1 and λ2 denote the 1st and 2nd eigenvalues of HHH ,
respectively; and

Φ(Γ) ,
(1 − ∆LDM)Γ
1 + ∆LDMΓ

(56)

defines a Möbius transformation to an auxiliary equivalent.
This approximation in (55) appears tight for small ∆LDMΓ,
where ATSC 3.0’s recommended setting δτM < 1

2 supports
this regime.11 The tightness is numerically examined later in
Section VIII. Intuitively, (55) can be interpreted as a model

11A/327 states: Given a ModCod setting S for the CL, and letting τSL
denote the ToV for SL transmission under S, select a δ such that δτSL < 1

2
for valid LDM operation, ensuring a 3 dB margin [54].

τEL
M |AWGN =

ζEL

κd
(42)

τEL
M |RL =

(1 + A2
SP)ζEL +

q�
1 + A2

SP

�2
ζ2

EL + 4A2
SPζEL

2A2
SPκd

(43)

τEL
M |RC =

(1 + A2
SP)ζEL − 1 − K +

q
((1 + A2

SP)ζEL − 1 − K)2 + 4A2
SP(1 + K)ζEL

2A2
SPκd

(44)
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treating the interference-like terms as additive white noise,
reducing the system into an equivalent SL case with the
desired signal’s strength (1 − ∆LDM)PR and effective noise
power σ2

n + ∆LDMPR on each polarization.
The first surrogate ζc is defined as the solution to ĨCL

MI (ζc) =

2CSISO using (54). Rearranging reduces this condition to a
quadratic in ζc and results in (26).

The remaining proceeds with connecting ζc and ĨCL
MI (ζc) to

EH[ICL
MI (τM)] via EH[Io(Φ(ζc),H)]. Note that ζCL in (25) can

be written as ζCL = Φ(ζc). To this end, we define an invertible
mapping

M : ĨCL
MI 7→ J̃ s.t. ĨCL

MI (Γ) = J̃(Φ(Γ)). (57)

The same mapping M also defines JE(·) by

M : EH[ICL
MI ] 7→ JE s.t. EH[ICL

MI (Γ)] = JE(Φ(Γ)). (58)

Additionally, responding to the definition of a scenario-
independent function Io(γ,A), let the Jensen approximation
of EA[Io(γ,A)] defined as

Ĩo(γ,A) , logEA∈A
�
det
�
I + γAAH�� (59)

for A denoting the ensemble set of A. Note that in a
domain of γCL , Φ(Γ), we already have a heuristic map-
ping ε(·) discussed in Section V-A that gives Ĩo(γCL,H) =

JE(ε(γCL)γCL) when we denote the ensemble set of H by
H. Stepwise, approximating J̃(ζCL) ≈ Ĩo(γCL,H) on the
ζCL-domain therefore leads to ζ̂CL in (23). Subsequently, an
inverse mapping M−1 : JE 7→ EH[ICL

MI ], equivalently with
Φ−1(γCL) =

γCL
1−∆LDM−∆LDMγCL

, we get τM = Φ−1(ζ̂CL) in (22).
§ Remark: Further improvement
More tighter results may be obtained by using Φ(Γ) =

(1−∆LDM)Γ
1+2∆LDMΓ

instead of (1−∆LDM)Γ
1+∆LDMΓ

. In that case, (22) will alterna-

tively be τCL
M = Φ−1(ζ̂CL) =

ζ̂CL

1−∆LDM−2∆LDM ζ̂CL
and (25) will be

ζCL = Φ(ζc) =
(1−∆LDM)ζc
1+2∆LDMζc

. �
3) RC Channel: The RC channel case can be tackled in a

similar manner to the RL case described above. �

C. Derivation of Result 3: Class P, Layered MIMO EL

Note in (3) that the EL signal model is a scaled version
of SL’s. It is assumed that SIC is perfectly accomplished,
ensuring interference-free reception by removing all CL com-
ponents. The only difference is a power reduced by ∆LDM.
Simple shifts by ∆LDM yield the presented results. �

VI. DERIVATIONS AND PROOFS PART II: CLASS E

The ideas in Section V extend to scenarios with imperfect
CSIR. Unlike the perfect CSIR case, the exact capacity is
generally unknown in this regime; instead, the generalized MI
(GMI) of Lapidoth and Shamai [55] provides an accessible
measure, which establishes a computable MI lower bound
[56], [57]

I(x; y|Ĥ) ≥ log det
�
I + ΓdĤH(I + ΓdΣ)−1Ĥ

�
, IGMI(Γ), (60)

where Γd , κdΓ, Σ , EH̃[H̃xxHH̃H] = ΓdEH̃[H̃H̃H]. We
employ this GMI as an alternative to the exact MI.

As discussed in Section II-A.2, pilot boosting may
redistribute power between data and pilot signals, thereby
mediating the tradeoff between data signal quality and channel
estimation accuracy. Accordingly, we specially denote the data
signal CNR by Γd = Pd

σ2
n

= κdΓ, and the pilot signal’s average

CNR by Γp =
Pp

2σ2
n

= A2
SPκdΓ. The definition of κd follows (8).

Ĥ and H̃ are characterized by LMMSE channel estimation
over pilot observations, where the pilot topology conforms to
(7) described in Section II-A.2. Shortly, a pilot observation
Yp = HP + N yields the estimate

Ĥ = Yp(PHRHP + 2σ2
nI)−1PRH (61)

where N ∈ C2×2 is a thermal noise matrix whose entries
all follow i.i.d. CN (0, σ2

n); RH = EH[HHH] denotes the
covariance matrix of H. Statistical properties of Ĥ and H̃ will
be detailed in the following subsections as specific to each
channel model.

As with Section V, we set an approximate proxy ĨGMI(Γ) =

logEĤ[det(I + ΓdΣ + ΓdĤĤH)] − log det(I + ΓdΣ) to draw
intermediate surrogates. This approximation ĨGMI(Γ) satisfies
a Jensen’s inequality EĤ[IGMI(Γ)] ≤ ĨGMI(Γ).

A. Derivation of Result 4: Class E, SL

1) Derivation of Result 4-1 (AWGN): With long-term
observation that averages the channel gain bias, the MMSE
estimator provides an exact channel estimate in the AWGN
case. The only remaining effect is the reduction of data power
due to pilot boosting. Hence, the problem is reduced to that
of Section III-A.1 (Class P, SL) with power scaling by κd,
yielding τM =

ζ
κd

for ζ given in (12) with µ = AWGN. �

2) Derivation of Result 4-2 (RL): Let ĥi j denote the
estimate of hi j, and define the error as h̃i j = hi j − ĥi j,
for i, j ∈ {0, 1}. Given H = HRL and based on (61), the
diagonal entries of Ĥ and H̃ turn out to follow ĥ00, ĥ11 ∼

CN
�

0, Γp+2ρN Γ2
p

2(1+Γp)2

�
and h̃00, h̃11 ∼ CN

�
0, 2ρN+Γp

2(1+Γp)2

�
, while the

off-diagonal entries follow ĥ10, ĥ01 ∼ CN
�

0, Γp+2(1−ρN )Γ2
p

2(1+Γp)2

�
and

h̃10, h̃01 ∼ CN
�

0, 2(1−ρN )+Γp

2(1+Γp)2

�
. Conservatively, RH = I is used,

corresponding to typical receivers that do not possess prior
knowledge of channel XPD.12

The specified properties of Ĥ and H̃ imply the corollary
Σ = EH[H̃H̃H] = 1

1+Γp
I, which in turn realizes

IGMI(Γ) = log det
�
I + ΓdΣ + ΓdĤĤH� − log det(I + ΓdΣ)

= log det

 
I +

Γd

1 + Γd
1+Γp

ĤĤH

!
.

The Jensen approximation of EĤ[IGMI(Γ)], denoted ĨGMI(Γ),
is then given by (62), as shown at the bottom of the next
page. Here, we use asymptotic approximations obtained in the

12With receivers having prior knowledge of XPD, the channel estimates can

be improved with {Var(ĥi j),Var(h̃i j)} =

�
Γpu2

ρ

1+Γpuρ
,

uρ
1+Γpuρ

�
, as in [7], where

uρ = ρN (diagonal) or uρ = 1 − ρN (off-diagonal).
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extreme regimes: In the high-CNR13 regime Γ � 1, (62) can
be recast as

eĨGMI(Γ) ≈ 1 +
2ΓdΓp

1 + Γd + Γp
+

ΩRLΓ2
dΓ2

p

(1 + Γd + Γp)2 (63)

by applying Γp

1+Γp
→ 1 and 2Γp+1

2ΩRLΓ2
p
→ 0. The approximation

of ĨGMI(Γ) implied by (63) is hereafter denoted by ÎGMI(Γ) in
this subsection.

Let us define

νµ(γ) , 1 + 2γ + Ωµγ
2, ∀γ ∈ R+, (64)

and

ψRL(Γ) ,
ΓdΓp

1 + Γd + Γp
=

A2
SPκ

2
dΓ2

1 + (1 + A2
SP)κdΓ

, (65)

for notational convenience. Then, ÎGMI(Γ′) = 2CSISO deter-
mines νRL(ζ) = ER for ζ = ψRL(Γ′), from which the expression
of ζ in (12) follows.

This result coincides with that derived in the low-CNR
regime. For Γ � 1, eĨGMI(Γ) ≈ 1 + 2ψRL(Γ) straightforwardly
yields ζ = ER−1

2 when ζ is defined as ψRL(Γ) satisfying
ĨGMI(Γ) = 2CSISO. The approximative form of (12) under
Ωµ(ER − 1) � 1 also reduces to ER−1

2 , using
√

1 + x ≈ 1 + x
2 ,

thereby confirming consistency.
Following the approach in Section V, the scaling factor

is heuristically determined to correct the approximation gap.
Note that the scaling factor ε(·) is found on the domain
ζ′ = ψRL(Γ) such that ÎGMI(ψ−1

RL(ζ′)) = EĤ[IGMI(ψ−1
RL(ε(ζ′)ζ′))].

As described in Section V-A.2, EĤ[IGMI] was evaluated using
Monte Carlo ensembles of Ĥ|µ=RL, and the gap relative to
the closed-form ÎGMI was quantified there. The realized form
of ε(·) in this scenario is f RL|CE

co (ζ′dB|ΘXPD) in (31), where
ζ′dB = 10 log10 ζ

′.
Thus, the corrected surrogate in (30) is ζ̂ = ε(ζ)ζ that

achieves EĤ
�
IGMI

�
ψ−1

RL(ζ̂)
��

= 2CSISO. Returning to the original
domain via τM = ψ−1

RL(ζ̂) yields the final estimate, as given in
(29). The inverse operation of ψRL(·) can be readily derived
from (65). �

3) Derivation of Result 4-3 (RC): Given H = HRC
and based on (61), the diagonal and off-diagonal

entries of Ĥ follow CN

 q
KρL
1+K ,

Γp+
2ρN Γ2

p
1+K

2(1+K+Γp)2

!
and

CN

 q
K(1−ρL)

1+K ,
Γp+

2(1−ρN )Γ2
p

1+K

2(1+K+Γp)2

!
, respectively. Similarly,

the diagonal and off-diagonal entries of H̃ follow
CN

�
0, 2(1+K)ρN+Γp

2(1+K+Γp)2

�
and CN

�
0, 2(1+K)(1−ρN )+Γp

2(1+K+Γp)2

�
,

13See [1], Annex A, which shows that the τS values of our interest are not
particularly low.

respectively. Note that the LoS components are accurately
estimated, as discussed in Section VI-A.1. The only part to
be estimated by the LMMSE process is

q
1

1+K HRL. Hence,
the RH in (61) is replaced by 1

1+KE[HRLHH
RL] = 1

1+K I.
Therefore, we get Σ = 1

1+K+Γp
I and

IGMI(Γ) = log det

 
I +

Γd

1 + Γd
1+K+Γp

ĤĤH

!
. (66)

By defining

ψRC(Γ) ,
Γd

1 + Γd
1+K+Γp

=
κdΓ(1 + K + A2

SPκdΓ)
1 + K + (1 + A2

SP)κdΓ
, (67)

(66) can be rewritten by IGMI(Γ) = Io(ψRC(Γ), Ĥ), whose
ergodic Jensen approximation ĨGMI(Γ) = EĤ[IGMI(Γ)] can be
approximated by ĨGMI(Γ) ≈ log(νRC(ψRC(Γ))) , ÎGMI(Γ) for
Γ � 1.

The rest of the derivation resembles that of Section VI-A.2.
The ζ in (12) is extracted from νRC(ζ) = ER, which
originates in ÎSISO(Γ′) = 2CSISO and ζ = ψRC(Γ′).
The scaling factor ε(·) is numerically identified to ensure
ÎGMI(ψ−1

RC(ζ′)) = EĤ[IGMI(ψ−1
RC(ε(ζ′)ζ′))], particularly in the

form of f RC|CE
co (ζ′dB|ΘXPD) in (35). Given the corrected sur-

rogate ζ̂ = ε(ζ)ζ in (34), projecting ζ̂ back to the Γ-domain by
ψ−1

RC(ζ̂) yields the final estimate τM in (33), which concludes
the derivation. �

B. Derivation of Result 5: Class E, Layered MIMO CL

This scenario can be understood as a combination of the
approaches in Sections V-B and VI-A. Basically, the results
are developed based on (68), as shown at the bottom of the
next page, which presents the achievable rate of CL in terms
of GMI.

1) Derivation of Result 5-1 (AWGN): In the AWGN case,
the ergodic GMI reduces into

EĤ[ICL
GMI(Γ)] = ICL

GMI(Γ)
= log νAWGN(Γd) − log νAWGN(∆LDMΓd), (69)

which corresponds to the result of Section V-B.1 with the
substitution Γ → Γd. Therefore, the resulting τM in this
scenario is a scaled version of that of Section V-B.1 by a
factor of 1/κd. �

2) Derivation of Result 5-2 (RL): The RL instance observes
(68) to be rewritten by

ICL
GMI(Γ) = qĤ(ψRL(Γ)) − qĤ(∆LDMψRL(Γ)), (70)

EĤ[IGMI(Γ)] ≤ ĨGMI(Γ) = logEĤ

241 +
Γd

1 + Γd
1+Γp

X
i, j

|ĥi j|
2 +

 
Γd

1 + Γd
1+Γp

!2

|ĥ00ĥ11 − ĥ∗10ĥ∗01|
2

35
= log

 
1 +

2ΓdΓp

1 + Γd + Γp
+

(2ΩRLΓ2
p + 2Γp + 1)Γ2

dΓ2
p

2(1 + Γd + Γp)2(1 + Γp)2

!
(62)
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where

qĤ(γ) , log

0@1 + γ
X

i, j

ˇ̌
ĥi j
ˇ̌2
+ γ2

ˇ̌
ĥ00ĥ11 − ĥ∗10ĥ∗01

ˇ̌21A .
The statistical properties of Ĥ and H̃ are the same as those
described in Section VI-A.2. Accordingly, the Jensen approxi-
mation of EĤ[ICL

GMI(Γ)] is cast as ĨCL
GMI(Γ) = log νRL

�
(1+Γp)Γd

1+Γd+Γp

�
−

log νRL

�
∆LDM(1+Γp)Γd

1+Γd+Γp

�
. For high Γ, this can be further approx-

imated by

ÎCL
GMI(Γ) = log νRL(ψRL(Γ)) − log νRL(∆LDMψRL(Γ)) (71)

with νµ(·) given in (64) and ψRL(·) in (65).
For brevity, we define the domain transformation Tψ :

ψRL(γ) 7→ γ, such that (Tψ f )(ψRL(γ)) = f (γ). Using this
transformation, we introduce the auxiliary notations for ÎCL

GMI
and EĤ[ICL

GMI] as

L , Tψ
˚
ÎCL
GMI

	
s.t. L(ψRL(γ)) = ÎCL

GMI(γ),

LE , Tψ
˚
EĤ
�
ICL
GMI

�	
s.t. LE(ψRL(γ)) = EĤ

�
ICL
GMI(γ)

�
.

In the ψ-transformed domain, ζc is defined as the solution of
L(ζc) = 2CSISO, which is equivalent to ÎCL

GMIψ
−1
RL(ζc) = 2CSISO.

Precisely, the ζc expression in (26) is extracted from

1 + 2ζc + ΩRLζ
2
c

1 + 2∆LDMζc + ΩRL∆2
LDMζ

2
c

= ER. (72)

Again, Padé approximation of (70) yields ICL
GMI(Γ) ≈

log det(I + Φ(ψRL(Γ))ĤĤH) = Io((Φ ◦ ψRL)(Γ), Ĥ). Simply,
we obtain LE(ζc) ≈ EĤ[Io(Φ(ζc), Ĥ)], which provides a
link between ζc and L(ζc) to LE

�
ψ−1

RL(τM)
�
, as established in

Section V-B.2. The mapping M defined in Section V-B.2,

M : L 7→ K̃ s.t. L(ω) = K̃(Φ(ω)), (73)

defines K̃(·), the projection of L(·) onto the Φ(Γ) domain. This
mapping also transforms LE(·) into KE(·) as

M : LE 7→ KE s.t. LE(ω) = KE(Φ(ω)). (74)

On the domain of ζCL , Φ(ζc), we recall the correction func-
tion ε(·) obtained in Section VI-A.2, which gives Ĩo(ζCL, Ĥ) =

KE(ε(ζCL)ζCL) based on the Padé approximation above. Here,
Ĩo(·) references (59) and Ĥ denotes the ensemble set of
Ĥ. Approximating K̃(ζCL) ≈ Ĩo(ζCL, Ĥ) then brings ζ̂CL =

ε(ζCL)ζCL, where ε(·) references f RL|CE
co (ζdB

CL|ΘXPD) in (31).
Having determined ζc and obtained ζ̂CL, the remaining step

is to apply the reverse projections through Φ−1(·) and ψ−1
RL(·).

Specifically, ζr = Φ−1(ζ̂CL) and τCL
M = ψ−1

RL(ζr) direct to (38)
and (37), respectively, by solving the equations Φ(ζr) = ζ̂CL
and ψRL(τCL

M ) = ζr, with reference to (25) and (65). �
3) Derivation of Result 5-3 (RC): Repeating the procedure

in Section VI-B.2, using the properties of Section VI-A.3,
readily leads to Result 9. �

C. Derivation of Result 6: Class E, Layered MIMO EL

Unlike the Class P case in Section V-C, CSIR error leaves a
residual signal after SIC, often termed cross-layer interference
(CLI). Such a conservative model accounting for CLI yields
the signal expression (6) and leads to the GMI

IEL
GMI(Γ) = log det

�
I + ∆LDMΓdĤH(I + ΓdΣ)−1Ĥ

�
= log det

�
I + ∆LDMψ

o
µ(Γ)ĤĤH�, (75)

where ψo
µ(Γ) is given by ψo

AWGN(Γ) = Γd, ψo
RL(Γ) = Γd(1 +

Γd(1 + Γp)−1)−1, and ψo
RC(Γ) = ψRC(Γ). Note that ψo

µ(Γ) is
introduced to express ψo

RL(Γ) in (75), which is slightly different
from ψRL(Γ) used in the subsequent approximation. Hence, the
EL case can be handled by the same procedure as the SL case
in Section VI-A, with the substitution Γ → ∆LDMψ

o
µ(Γ). For

the ergodic version of (75), the Jensen approximation is first
obtained as ĨEL

GMI(Γ) = logEĤ
�
det
�
I+∆LDMψ

o
µ(Γ)ĤĤH

��
, which

admits the high-Γ approximation

ÎEL
GMI(Γ) = log νµ(∆LDMψµ(Γ)). (76)

Here, ψAWGN(Γ) , Γ. The definition of ζ in Section IV-C
follows from νµ(ζ) = ER, which is equivalent to the con-
dition ÎEL

GMI(ψ
−1
µ (ζ)) = 2CSISO. The approximation gap is

then corrected by applying f µ|CE
co (ζdB|ΘXPD) to produce ζEL =

ε(ζ)ζ/∆LDM in (45). As defined in the previous sections, ε(·)
is the linear-scale form of f µ|CE

co (·). Overall, ζEL ≈ ψµ(τEL
M ).

Due to CLI, the ToV estimate is no longer a direct ampli-
fication by 1/∆LDM of the τM results for the SL case; such
amplification is instead handled in the ζ-domain, which is the
ψµ-transformed domain of Γ. The final estimate τEL

M is obtained
after projecting back to the Γ-domain, i.e., by inverting ψµ as
τEL

M = ψ−1
µ (ζEL). The inversion of ψµ(·) is carried out by solving

quadratic equations, which yields (42)-(44). �

VII. REMARK: CHANNEL XPD AND ANTENNA XPD

The term channel XPD, represented by χdB
L and χdB

N , is
clarified to avoid ambiguity. Cross-polarization antennas often
specify XPD values in product datasheets, which characterize
output leakage crossing over polarizations. To distinguish this
property from channel XPD, we specifically refer to it as
antenna XPD.

In fact, antenna XPD contributes directly to channel XPD.
This antenna impairment, combined with over-the-air effects,
results in the channel XPD. Let χdB

T A and χdB
RA denote the

dB-scale antenna XPD measured at the transmit and receive
antennas, respectively, and let r ∈ [0, 1] denote the fraction
of polarization-shifted signal power within the reflected signal

waves during propagation. Defining eT , 10−
χdB

T A
10 and eR ,

10−
χdB

RA
10 , the channel XPDs can be determined by

χL =

�
1 +
√

eReT
√

eR +
√

eT

�2

,

χN =
1 + eReT − (1 − eR − eT + eReT )r
eR + eT + (1 − eR − eT + eReT )r

, (77)

ICL
GMI(Γ) = log det(I + ΓdΣ + ΓdĤĤH) − log det(I + ΓdΣ + ∆LDMΓdĤĤH) (68)
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Fig. 2. (a) Abstraction of capacity matching (χdB
L = 10 dB, χdB

N = 0 dB);
(b) Schematic illustration of FEC code performance vs. Shannon limit.

where χdB
L = 10 log10 χL and χdB

N = 10 log10 χN denote their
dB-scale forms.

§ Remark: Effective XPD
In practice, field measurements may not distinguish the LoS

and NLoS contributions separately. The XPD observed by
practitioners would therefore reflect a comprehensive mix of
both, namely, the effective XPD. Exhibiting the relationship
among χL, χN , and the effective XPD, the effective XPD is
given by

χeff =
ρLK + ρN

(1 − ρL)K + 1 − ρN
=
χL(1 + χN)L + χN(1 + χL)

(1 + χN)K + 1 + χL
(78)

in a generalized form. The AWGN and RL cases arise as
special cases of (78), corresponding to K → ∞ and K = 0,
respectively. �

VIII. NUMERICAL RESULTS

This section presents numerical analyses of the proposed
ToV Estimators. The framework is first examined using the
derived models, followed by verifications through comparisons
with link-level simulations.

A. Analysis on Capacity Matching and Approximations

Overall, ToV Estimators rely on the matching of MI met-
rics, shortly called a capacity matching. The fundamental
mechanism of this scheme is abstracted in Fig. 2(a), with
Monte Carlo-computed EH[IMI(Γ)]s. Given τS for the tar-
get BICM (presumably together with other setups such as
time/frequency interleaving and fast Fourier transform (FFT)),
double SISO capacity 2CSISO is computed. The procedure
then moves horizontally to spot EH[IMI] at the same level,
and τM is found by casting back the mapping. Since the
ergodic realization depends on channel statistics, the resulting
τM varies accordingly.

In practice, such an information-theoretic approach may
exhibit a gap compared with real systems due to the
performance loss inherent in practical coding schemes. How-
ever, state-of-the-art (SOTA) forward error correction (FEC)
designs, such as the LDPC codes adopted in ATSC 3.0 and

Fig. 3. Ergodic CL rate and the approximations over (a) Φ(Γ) domain and
(b) Γ domain (µ = RL, δ = 0.1 (IL = 10 dB), χdB

N = 10 dB).

Fig. 4. (a) ToV penalty from τS (Class P, χdB
L = 20 dB, χdB

N = 10 dB),
(b) τM vs. χdB

N (Class P, χdB
L = 20 dB).

3GPP 5G, are known as Shannon-approaching codes, achiev-
ing less than 0.5 dB gap. In particular, [59], [60], [61] report
that ATSC 3.0 BICMs achieve a gap of 0.41 ∼ 0.73 dB
between FER = 10−4 and the Shannon limit.14 This obser-
vation validates the use of the proposed ToV Estimators for
SOTA MIMO broadcasting systems such as ATSC3.0 MIMO.

In addition, extending from Section V-B.2, the approxi-
mations for LDM-case estimations are numerically validated.
ATSC 3.0 recommends choosing physical-layer parameters
satisfying δτS < 1

2 , presumably δτM < 1
2 when it comes to

MIMO. Fig. 3 shows that the approximation ε-shifted ĨCL
MI

aligns with the objective EH[ICL
MI ]. Fig. 3(a) demonstrates the

alignment in the M-mapped space, and the corresponding Γ-
domain translation is depicted in Fig. 3(b). Note in Fig. 3
that only the regions Γ < 7 dB and Φ(Γ) < 4.9556 dB are
physically valid according to A/327. Within these regions,
the ε-shifted J̃ aligns well with JE , thereby validating the
approximation of EH[ICL

MI (Γ)].

B. Impact of XPD and Asymptotic Properties

Fig. 4(a) illustrates the ToV penalty 10 log10 τM −

10 log10 τS, for which XPD is particularly responsible. Giving

14Under quadrature phase shift keying (QPSK), AWGN channel, and sum-
product algorithm (SPA) decoding.
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Fig. 5. Effect of pilot boosting: (a) τM vs. FPB (τS = 9.11 dB, χdB
L = 10 dB,

χdB
N = 5 dB), (b) ψRL(Γ), EH

�
‖Ĥ‖F

�
, EH

�
‖H̃‖F

�
vs. FPB (Class E, µ = RL,

Γ = 1.5 dB, χdB
N = 5 dB).

opportunities for a further rough guess of τM, the penalty is
also shown to converge to the upper bound asymptotically.
This behavior is readily deduced from (12) by Corollary 1.1,
giving a handy asymptote for Class P SL estimates:

10 log10 τM −→
τS�1

10 log10
τSp
Ωµ

+ f µsat.

It follows that the ToV penalty is upper-bounded by the
asymptote ToV Increase [dB] −→ f µsat − 5 log10 Ωµ. When it
comes to the Class E case (see Corollary 4.1), a similar
applies to ψµ(Γ); a markup 1+A2

SP
A2

SPκd
appears in τM, leading to

ToV Increase [dB] −→ 10 log10
1+A2

SP
A2

SPκd
+ f µsat − 5 log10 Ωµ.

It is observed that the ToV penalty increases as the NLoS
XPI appears significant. This trend is shown in Fig. 4(a), where
the penalty is largest for RL, followed by RC and AWGN.
4(b) further demonstrates a pronounced deviation in the RL
case with respect to XPD, whereas the RC case exhibits minor
variation. In addition, results also show that the XPI impact,
in terms of τM degradation, arises more significantly at higher
operating CNR, equivalently, higher τS.

C. Pilot Boosting Effect

The tradeoff between data signal quality and channel esti-
mation accuracy can be clearly observed through the Class
E model. Obviously, pilot boosting always increases τM
(degrades reception) under the Class P model, since perfect
CSIR is already assumed regardless of training signal distor-
tion. By contrast, Class E reflects the benefit of improved
channel estimation accuracy. This aspect is illustrated in
Fig. 5(a). In both RL and RC plots for the Class E results,
convex-like tradeoff curves are explicitly observed. The opti-
mal pilot boosting level that minimizes τM is identified as
6.0 dB for the RL channel and 4.9 dB for the RC channel.
Note that the maximum pilot boosting level allowed in ATSC
3.0 for pilot pattern MP8 2 is 5.30 dB15; thus, 6.0 dB lies

15The options of boosting level are defined differently according to the

pilot pattern. According to A/322 support, the effective factor
A2

SP
DX DY

ranges
−21.07 ∼ −4.88 dB.

outside this range, whereas 4.9 dB lies within it. Hence, in
this example, the optimal FPB for the RL case is 5.3 dB.

Fig. 5(b) further delves into the tradeoff by probing
the effective signal power and channel estimation accuracy.
Specifically, EH

�
‖Ĥ‖F

�
strictly increases over FPB (equiva-

lently, EH
�
‖H̃‖F

�
decreases), while ψRL(Γ) exhibits concavity.

The combination of monotonically increasing EH
�
‖Ĥ‖F

�
and

concave ψRL produces the behavior of τM found in Fig. 5(a).

D. Examination: Comparison With Link-Level Simulations

A confirmatory experiment is carried out through link-level
simulations. To this end, an extensive end-to-end simulator
was implemented, incorporating the entire ATSC 3.0 physical
layer with the newly adopted MIMO Extension [2], [21]. This
simulator builds upon the platform used in [28], whose results
were officially incorporated into A/327.

In particular, the physical-layer configurations listed in
Table XI were used. A total of eight configuration sets were
tested: six SL configurations and two layered MIMO sets, each
with a different ModCod combination and the corresponding
τS. The τS values are referenced from A/327 Annex A, which
specifies the QEF criterion at FER = 10−4. Consistently,
the τM estimates inherit this QEF condition applied to τS;
the simulations were likewise conducted at FER = 10−4.
This FER was measured after LDPC decoding, where all
test configurations employed a BCH outer code; that is, the
BCH+LDPC option was used in the concatenated coding
format of ATSC 3.0. Specifically, LDPC codes of length
64,800 bits were used. For decoding, the SPA was employed
for LDPC decoding, allowing up to 50 iterations. The ToV
measurements were obtained with a 0.1-dB step size, implying
a possible measurement error of ± 0.1 dB.

Throughout all simulation scenarios, the system employed a
16K-size FFT and convolutional time interleaving (CTI) with
a depth of 1024 samples. To be noticed, the aforementioned
setting is consistent with that used for τS measurements [1],
[28]. In what follows, the simulation outcomes are referred to
as measured, and those from the proposed ToV Estimators as
estimated.

All tests were conducted under XPD = 20 dB, which has
been used as a baseline profile in Brazilian TV 3.0 activities:
i.e., χdB

L = 20 dB or χdB
N = 20 dB when available, depending

on µ. To comply with convention standards, RL20 (DVB-
P1) and RC20 (DVB-F1) channel models were used for the
RL and RC environments, respectively. Note that we resorted
to those standard SISO multipath models by replicating the
same multipath profile across all inter-antenna paths, e.g., pol
#1-to-pol #1, pol #1-to-pol #2, etc. This figure may deviate
from the uncorrelated property of NLoS channel entries, but
it nonetheless offers useful and insightful results that can guide
the practice.

The simulations employed perfect channel estimation,16

and, accordingly, Class P procedure is applied to derive the
estimates. A scattered pilot pattern MP8 2 was used with no

16This refers to the setup in which the receiver channel estimator treats
every OFDM cell as a pilot. While this is fundamentally different from
assuming perfect CSIR, in stationary channel scenarios it is effectively
equivalent to perfect CSIR.
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TABLE XI
TEST CONFIGURATIONS: ATSC 3.0 PHYSICAL LAYER PARAMETERS

TABLE XII
TEST RESULTS: SL SIMULATIONS (XPD = 20 DB)

pilot boosting (0 dB boost). Specifically, Table XI indicates
that the null pilot encoding scheme was employed, while the
performance with the Walsh–Hadamard scheme did not differ
in these scenarios.

Table XII first addresses the SL configurations on the
baseline. The simulation results are enumerated along with
the estimate results. The deviations between measured and
estimated results range from 0.00 dB to 0.62 dB; except for the
PSimS1 RL, PSimS3 RL, and PSimS4 RL cases, the gap remains
mostly within 0.1 dB. One could recall that 6/15 code exhibits
a notably larger gap from the Shannon limit compared to other
coding options [59], and 8/15 code shows relatively greater
AWGN-to-RL degradation compared to the trend [61]. These
outliers are consistent with the fact that this work is grounded
in an information-theoretic approach. Accordingly, when a
particular code exhibits an atypically large implementation
loss or deviates significantly from the theoretical baseline, the
practical performance may be worse than the model’s estimate.
In contrast, for AWGN cases in Table XII, the estimates fall

TABLE XIII
TEST RESULTS: LDM SIMULATIONS (XPD = 20 DB)

within 0.1 dB of the simulation results, which matches the
simulation step resolution and demonstrates the high accuracy
of ToV Estimators. The error standard deviation over Table XII
results amounts to 0.16 dB.

Additionally, layered MIMO examples were evaluated. Both
CL and EL PLPs were tested, with PCL,SimL1 and PCL,SimL2
corresponding to CL, and PEL,SimL1 and PEL,SimL2 correspond-
ing to EL. The PCL,SimL1 and PEL,SimL1 measurements were
adopted from [17]. As shown in Table XIII, the deviations
between measured and estimated results range from 0.02 dB
to 1.65 dB; except for the PCL,SimL1 RL case, which is 1.65 dB,
the gap remains mostly within 0.2 dB. It should again be noted
that the 6/15-rate LDPC code in ATSC 3.0 has been reported
to show an exceptionally large gap between the 10−4 FER
point and the Shannon limit. Otherwise, the estimation errors
fall within 0.2 dB, which is comparable to the simulation step
size.

IX. CONCLUSION

This paper has presented compact closed-form methods
for estimating the required CNR of dual-polarized MIMO
broadcast systems under limited XPD. The proposed frame-
work converts well-characterized SISO ToV data (e.g.,
A/327 Annex A) into MIMO ToV predictions for AWGN,
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TABLE XIV

RMSE OF f µco , f µ|CE
co

RL, and RC channels, with explicit parameterization by chan-
nel XPD. Two estimator classes were developed: Class P
(assuming perfect CSIR) and Class E (based on estimated
CSIR). Both single-layer transmission and Layered MIMO
Type A were addressed, and closed-form expressions were
derived for CL and EL cases. The resulting estimators are
lightweight, interpretable, and readily applicable to planning
tools for coverage analysis, link budgeting, and interference
studies.

APPENDIX A
RMSE OF f µCo AND f µ|CE

Co : FITTING ALIGNMENT

The alignment of f µco(·) and f µ|CE
co (·) with the ground-truth

ε(·) data is assessed using the root mean square error (RMSE).
The evaluated RMSE is shown in Table XIV.

APPENDIX B
ALTERNATIVE METHOD: A FURTHER NAIVE SHORTCUT

Although cruder, an alternative is to use the SISO ToV
measurements obtained under channel-applied environments,
instead of applying f µco(·) or f µ|CE

co (·) to address channel fading
effects. As noted earlier, A/327 Annex A also reports measure-
ment results under RL and RC channel conditions (specifically
the RL20 and RC20 models). The simplest procedure used
for the AWGN case can be directly applied to the RL or RC
SISO ToV measurements. That is, the Class P procedure in
Section III-A.1 and the Class E procedure in Section IV-A.1
can be applied to the results such as Tables A.3.3 and A.3.4
of A/327, while the counterparts in Sections III-B, IV-B.1,
and IV-C can be used for LDM cases. This approach could
provide a crude yet rapid guess, though lacking solid theoret-
ical grounding.
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