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1 | INTRODUCTION

Chei-Yol Kim

| Soo-Cheol Oh | Sang-Min Lee | Gyu-Il Cha

Abstract

In quantum computing, the use of Pauli frames through software traces of
classical computers improves computation efficiency. In previous studies, error
correction and Pauli operation tracking have been performed simultaneously
using integrated Pauli frames in the physical layer. In such a complex proces-
sing structure, the number of simultaneous operations processed in the physi-
cal layer exponentially increases as the distance of the surface code encoding
logical qubit increases. This study proposes a Pauli frame management archi-
tecture partitioned into two layers for a lattice surgery-based surface code and
describes its structure and operation rules. To evaluate the effectiveness of our
method, we generated a random circuit according to the gate ratios constitut-
ing the commonly known quantum circuits and compared the generated cir-
cuit with the existing Pauli frame and our method. Simulations show a
decrease of about 5% over traditional methods. In the case of experiments that
only increase the code distance of the logical qubit, it can be seen that the
effect of reducing the physical operation through the logical Pauli frame

becomes more important.
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information processing fails with any errors. Since the
coherence time in superconducting qubits used for quan-

Quantum computing is a new technology that uses qubit
operations based on quantum phenomena to solve com-
plex problems in classical computers [1, 2]. During quan-
tum computing, physical qubits interact with their
surroundings. In this process, they lose their stored
information, or their entanglement with other qubits
disappears over time [3]. Owing to this problem,
qubits struggle to maintain their state, and quantum

tum computation without errors is extremely short
(ps—ms), a method for increasing the computation time
using an error correction technique is essential [4].

Many studies [3, 5, 6] to increase the reliability
of qubits with high error rates have proposed various
Quantum Error Correction (QEC) techniques. These QEC
techniques construct a repetition code that can discrimi-
nate the error of a qubit using quantum entanglement
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and perform error correction by measuring the value of
the stabilizer in it. Thus, these approaches provide funda-
mental logical qubits with lower error rates [7-9].

The surface code [10-12] has been proposed as the
most effective method for generating QEC-based logical
qubits. This method provides various ways for encoding
logical qubits on a two-dimensional array and for effi-
cient computation. However, the surface code incurs
significant overhead when encoding physical qubits
into logical qubits. The number of available operators
decreases as physical qubit operations are converted into
logical qubit operations. Therefore, converting all quan-
tum circuit operations into limited operations adds to the
overhead [13]. Due to these issues, the number of physi-
cal qubit operations that the control system must execute
should be minimized as much as possible by reducing the
number of generated logical qubits [14].

All Pauli gates can be deferred during execution
unless confronted with a non-Clifford gate, and digital
computers can quickly trace them back. Considering
these characteristics of quantum operations, Pauli frames
[15-18] have been proposed to effectively process the
Pauli operation in classical computers. Pauli frames can
be scheduled to process Error Syndrome Measurement
(ESM) and decoding for error correction in parallel. Fur-
thermore, it can be implemented using a few physical
gates.

This study proposes an efficient Pauli frame manage-
ment architecture targeting the lattice surgery-based sur-
face code [19]. We divide the Pauli frame management
architecture into two logical and physical execution
layers for efficient tracking of Pauli operations. We con-
firmed that the proposed method is optimized by approxi-
mately 5% compared to existing Pauli frames.

This paper is organized, as follows: Section 2
describes the relevant research on this study. Section 3
defines the problem addressed in this study, and Section 4
describes the proposed method for solving the problem.
Section 5 verifies the validity of the proposed method,
and finally, Section 6 concludes this study.

2 | RELATED WORKS

Physical qubits lose their state quickly, making it difficult
to maintain a quantum state for an extended period. As a
result, operations do not work correctly on physical
qubits. The QEC method was introduced to overcome
these limitations and perform quantum computation
with high accuracy. QEC can encode multiple physical
qubits into one logical qubit with the entanglement state
through the logical qubit generation process. Logical
qubits generated in this way have a lower error rate and
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a significantly longer coherence time than physical
qubits. First, we study the surface code, the most efficient
way to construct logical qubits.

2.1 | Surface code

The implementation method and performance of the sur-
face code have been extensively investigated in several
papers [20-24], and most quantum qubit models have
adopted this approach with the advantage of relatively
easy implementation of logical qubits.

Surface code-17 comprises nine data qubits and eight
auxiliary qubits acting as stabilizers, as shown in
Figure 1. All stabilizers are divided into X-stabilizers
that detect a Z error (phase flip) of qubits and Z-
stabilizers that detect an X error (bit flip) of qubits. This
error detection process is known as ESM. This syndrome
measurement is repeated as many times as the code
distance d constituting the surface code immediately
after the logical gate operation. Finally, the error decod-
ing process is performed to determine the physical qubit
in which the state-flip error has occurred, or the mea-
surement error has occurred, by analyzing the measured
syndromes.

All error corrections in the physical layer can be
traced and processed in software through a digital com-
puter by using a Pauli frame management architecture.

2.2 | Pauliframes

Pauli and Clifford gates can be processed using Pauli
frames in digital computers. Therefore, a physical Pauli
gate can be processed by software tracking instead of an
actual physics operation using Pauli frames [15, 16, 25].
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FIGURE 1 (A)shows that the X/Z stabilizer consists of a
state-tracking stabilizer circuit for X/Z operation. As shown in (B),
a surface code can be constructed by repeatedly configuring these
stabilizers. In the surface code, logical Pauli operations X;, Z; and
Xt Zy, (Yp) are performed through a Pauli operation consisting of a
chain of data qubits.
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The recording of Pauli operations for all physical
qubits forms Pauli frames, which are composed of Pauli
groups, such as {I, X, Z, Y}, depending on their mathemat-
ical properties [17, 18]. Accordingly, all Pauli operations
in a quantum circuit can be calculated and stored in a
digital computer using one of the {I, X, Z, Y} operators. In
Pauli frames, Pauli and Clifford operations have a special
relationship that can be described as a mathematical
expression, as follows:

If P represents an n-qubit Pauli group composed of
the Pauli operations X, Z, and Y, the Clifford group, the
normalizer of the Pauli group P, is defined as C,=
{veUvP,V'=P,} for the unitary group U. There-
fore, the element of the Clifford and Pauli group holds
VP |w)=P'V |y). This process has a computational com-
plexity of O(n?), which can be processed quickly in a dig-
ital computer [26].

The advantages of Pauli frames for logical qubits
described in existing studies [18, 25] based on this proces-
sing architecture are as follows. First, storing physical
gate operations directly in Pauli frames reduces the num-
ber of physics gates to be executed. Similarly, logical
Pauli gate operations can be stored directly in Pauli
frames, eliminating the need to execute physical gates. In
addition, increasing the code distance of the surface code
maximizes the effectiveness of this execution. Second,
because digital computers handle error correction after
decoding in the ESM process, there is no need to use
Pauli frames while performing ESM; thus, operation exe-
cution and decoding/error correction can be performed
in parallel [25]. However, all tasks within Pauli frames
must be recognized simultaneously to effectively update
the Pauli record at runtime, which can result in high
overhead in a large-scale physical qubit system. Although
the structure of Pauli frames and their processing rules
have been introduced in several previous studies
[5, 16, 17], most have only described the theoretical
principle [25]. Another paper [27], described from an
implementation viewpoint, introduced a fault-tolerant
microarchitecture, including Pauli frames, but did not
describe the processing logic of Pauli frames.

3 | PROBLEM ANALYSIS

Pauli frames have many advantages for quantum com-
puting implementation. However, the following addi-
tional considerations must be taken into account when
implementing logical qubits:

« When Pauli frames exist only in the physical layer, one
logical operation is expressed as physical operations
equal to the code distance of the surface code. An

increase in the code distance to reduce the error rate
dramatically increases the number of physical Pauli
frames to be simultaneously processed. We can resolve
this issue by introducing the concept of Pauli frames in
the logical layer.

« The lattice surgery-based logical operation process first
performs computations using the Joint-Measurement
action and finally performs appropriate logical Pauli
operations to complete this logical operation. Every
logical operation includes at least one logical Pauli
operation, which can be effectively tracked and pro-
cessed using the logical layer’s Pauli frames. A new
system-level Pauli tracking technique with a different
structure and operating rules than the existing physical
layer-oriented Pauli frames is required to meet this
requirement.

« Because the logical layer can process all logical Pauli
operations, the physical layer operates only via
physical-level Pauli frames for error correction. A mul-
tilayered structure with divided roles enables the
implementation of a system structure that can effec-
tively handle error decoding.

4 | MULTILAYERED PAULI
TRACKING ARCHITECTURE

A logical qubit is encoded as one patch of the surface
code with an error correction function in the lattice
surgery-based surface code. The X; and Zj operators of
the logical qubit exist in the top-to-bottom and left-to-
right direction, respectively, and are defined as a chain of
physical qubit operations. Interaction with other patches
is realized by adding new syndrome qubits to the border-
line or turning added syndromes on and off [19].

As in the example of the logical MOVE operation in
Figure 2, operations in the lattice surgery-based surface
code comprise a Merge/Split operation, including Joint-
Measurement and Pauli operations, to correct the logical
qubit state according to the measurement result.

=D (1P
i) Mgz)-
MXX
|0F) 7zt H x2 FlvE)

FIGURE 2 The lattice surgery-based MOVE operation uses
one auxiliary logical qubit and consists of the Mxy operation,
measurement operation of source logical qubit, and Pauli gates that
correct the state of a logical qubit according to the measurement
result.
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A Pauli gate’s Pauli operation can be treated as a
Pauli frame when it encounters a Clifford gate, allowing
it to be deferred after the Clifford operation. These princi-
ples also apply to logical Pauli operations so that they,
along with Pauli operations in logical Clifford gates, can
be quickly traced from the logical layer using a digital
computer.

A general-purpose quantum computer has Clifford
and non-Clifford gates due to the characteristics of
quantum computing [28]. The lattice surgery method
can configure logical operators more simply than other
methods for implementing such general-purpose logical
operators.

Table 1 is a brief description of gate operations in the
lattice surgery method. According to the description, a
logical operation can be performed in a limited form
within a minimal structure compared to other implemen-
tation methods of the surface code.

We suppose that logical-level Pauli frames are
applied to the logical layer, responsible for efficient
execution of logical Pauli operations. Then, these
physical-level Pauli frames are separated to perform
error correction only during the ESM of each logical
qubit. This approach reduces system complexity by dis-
tributing Pauli frames through two layers and maxi-
mizes the system efficiency by reducing unnecessary
task processing.

41 | Overall structure
To effectively explain the multilayered Pauli frame track-
ing architecture proposed in this study, Figure 3 schemat-
ically depicts the simplified system block structure.

The primary processing structure of the proposed
architecture is as follows. When the execution of a quan-
tum circuit is requested from the outside, (a) the Logical

TABLE 1 Logical gate processing methods

ETRI Journal—WI LEYJﬁ

Qubit Executor executes a quantum circuit comprising
logical qubits using a lattice surgery-based operation
method. (b) The Logical Pauli Arbiter first identifies the
execution type of requested logical operation and deter-
mines its processing flow. When logical Pauli frame
tracking is required, it requests processing from the Logi-
cal Pauli Frame Unit. If physical execution is required, it
performs the actual execution using the Physical Qubit
Executor. (c) The QEC Cycle Generator generates a physi-
cal qubit circuit for the ESM requested by the Logical
Qubit Executor and the Logical Pauli Arbiter. It, then,
requests ESM handling to the Physical Qubit Execution
Layer. (d) The Physical Qubit Executor converts the
requested logical operation into a series of physical oper-
ations and requests their execution to the Physical Pauli
Arbiter. (e) The Physical Pauli Arbiter identifies the type
of requested physical operation. It requests its execution
to the Physical Pauli Frame Unit or the Physical Qubit
Execution Layer for actual execution. (f) The QEC
Decoder determines the error using the measured value
of the ESM and generates a physical Pauli operation for
error correction.

(g) The Physical Pauli Frame Unit is responsible for
tracking physical Pauli operations. When the upper
layer instructs a measurement operation of a physical
qubit, the actual measurement result and Pauli frame
are combined, and the result value is transferred to the
upper layer. (h) The P/L Measurement Translator
converts the result obtained in the Physical Pauli Frame
Unit into the logical layer’s measurement result. (i) The
Logical Pauli Frame Unit tracks the logical Pauli opera-
tions, and the return value of the P/L Measurement
Translator is returned as a measurement result of
logical qubits to the Logical Qubit Executor by applying
logical Pauli frames.

We detail each layer’s Pauli frame handling mecha-
nism in the following sections.

Type Gates Approach
Pauli I, X1, Zy, YL All Pauli gates are traced to logical Pauli frames.
Clifford Hy, After Joint-Measurement, a logical Pauli operation is performed according to the
CNOT,. measurement value. ESM occurs during Merge/Split.
St Prepare | Y1) state through state injection and Magic State Distillation.
Then, apply a Pauli gate based on measurement results obtained during CNOT}.
Non-Clifford TL Prepare | AL ) state through state injection and Magic State Distillation.

Then, apply an Sp, gate based on measurement results obtained during CNOT.

ESM, Error Syndrome Measurement.
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4.2 | Logical Pauli Frame Unit

The Logical Pauli Frame Unit processes all logical Pauli
operations in the logical layer. All logical operations of
the lattice surgery technique, including logical Pauli
operations, were processed using the proposed method
and are stored as Pauli frames.

The logical operation of the lattice surgery technique
comprises a combination of the Joint-Measurement/
Measurement operations and Pauli operations reflecting
the results, as shown in the example of Figure 2, and its
structure is generally divided into OPBODY and POSTP.

For example, suppose the logical Clifford operation is
separated into OPBODY and POSTP, as shown in
Figure 4A. Considering the theoretical operating princi-
ple of Pauli frames, we can describe how to construct a
logical Pauli frame, as follows:

1. The logical Pauli operation is deferred after the logical
Clifford operation.

2. The delayed logical Pauli operation transforms into a
new logical Pauli operation (that is, Pauli frame) by
combining it with the POSTP in the logical Clifford
operation. Then, the newly generated logical Pauli
operation is stored in a logical-level Pauli frame
structure.

The structure of the proposed multi-layered Pauli tracking architecture and the processing flow between each module

— Pn = | OPBODY || POSTP | = == === OPBODY = | POSTP -
Pauli Gate Clifford GATE Clifford gate' Pauli frame
(A) (B)

FIGURE 4 Tracking the Pauli frame on the lattice surgery-
based logical operation. (A) The Pauli gate and Clifford gate
representation and (B) Clifford gate and Pauli frame representation
have an equal relationship by Heisenberg notation.

For example, suppose the Pauli operation P, and Clif-
ford operation C are successively applied to the state of
the logical qubit |y ). This is expressed as CP, |y, ) and
as C(OPBODY, POSTP)P, |y;) again. Owing to the
mathematical characteristics of Pauli and Clifford
gates, the Pauli gate can move behind the Clifford gate
so that we can define the state after this rule as
P,/POSTPC(OPBODY) |y, ).

Table 2 shows the basic rules in Pauli frames, which
describe the relationship between the Clifford and Pauli
gates through Heisenberg notation. In general, the Pauli
tracking architecture can use these rules to construct
Pauli frames. Suppose we apply these basic rules to the
internal processing rules of a lattice surgery-based logical
operation, as shown in Figure 5. Then, the performance
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of effective operations on logical qubits can also be
predicted.

In the circuit of Figure 5, if the state of control and
target input qubits of the logical CNOT gate is X1, ) I, it
can be transformed to X7, Q) X, after Clifford by the Hei-
senberg notation. After transforming, the Xy &) Xi can
be integrated with the logical Pauli operation inside the
logical Clifford gate.

More specifically, the state of control and target out-
put qubits of the logical CNOT gate is determined accord-
ing to the result of the Joint-Measurement/Measurement
operation in the following way. When the input state of
the CNOTy, gate is Xi, Q) I, the Pauli frame of the control
qubit is obtained by combining Z;** with the previous
Pauli frame P,/ (where, X1). Mxx, M, and My determine
Z,%"¢. The Pauli frame of the target qubit is calculated as
X X ° by combining X%, which M, determines, with
the previous Pauli frame P, (where, X;), which means
the same as X; .

Table 3 shows the final Pauli frame handling rules for
logical CNOT gates determined in the same way above.

The Logical Pauli Frame Unit finally stores the Pauli
frame determined according to the rules in Table 3 after
reflecting the Joint-Measurement/Measurement opera-
tion. In Appendix A, we separately describe Pauli frame

TABLE 2 Rules for applying Pauli frames to Pauli and
Clifford gates

Gates Rules

H X—Z
Z—X

S X—-Y
Z—Z

CNOT XRI-XRKXX
IRX—-IRX
ZRI—-ZQRI
IRZ—-ZRZ

-

CNOT,

(A)
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handling rules of logical operations other than the
CNOT,, gate.

As shown in Figure 6, all operations in the Logical
Qubit Layer are performed according to the following
procedure:

1. When the execution of a new logical operation starts,
the Logical Qubit Executor identifies the operator type
and generates a lattice surgery-based logical operation
circuit separated into two structures: OPBODY and
POSTP.

2. The Logic Pauli Arbiter determines the following exe-
cution flow for the generated logical operation circuit
according to the Pauli frame processing rules in
Table 4:

« If an OPBODY needs to be processed, the Logical Pauli
Arbiter requests its execution to the Physical Qubit
Layer.

« Ifa POSTP is included in the logical Clifford operation,
the Pauli Tracking Logic handles the Pauli frame pro-
cessing operation. The previous Pauli frame, stored in
Pauli tracking data, and POSTP operations are com-
bined, generating a new Pauli frame.

Under the above conditions, the Logical Pauli Arbiter
delegates the subsequent execution to the appropriate
processing units.

4.3 | Physical Pauli Frame Unit

The Physical Qubit Layer converts commands transferred
from the Logical Qubit Layer into physical qubit control
commands, generates ESM codes for periodic error
checking execution, and requests their execution in phys-
ical hardware.

FIGURE 5 The lattice surgery-based CNOT}, operation with three logical qubits, including auxiliary qubits. The Pauli gate before the
Clifford gate (A) can be delayed after Clifford gate (B). In (B), the delayed Pauli gate is combined with the Pauli gates inside the Clifford gate

and changed to a new Pauli operation.
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TABLE 3 Rules for performing Pauli frames for CONTy,
Cc in T in Cout T out
X, I, X 2" ) XX w) =Xy )
I, X, LZ ") XXy =Xy )
Zy, I, 22 ) = 2 ) LX)y )
I Zy, ZLZ ) =2 ) Zi X" )
[ ] 1 et e \
Input ! ! H 7a X b E
p— = E}
M 7a b L Input
B
Logical qubit executor “POSTP of .
Instruction Lattice surgery-based Logical Pauli arbiter Pauli tracking logic
cache execution engine

OPBODY of Hy,

Aout

Xy, Z XP 78

Results of b b+1
A X K0 =
measurement L i Ll L

FIGURE 6 Schematic diagram of the operation processing flow of the Logical Qubit Layer

TABLE 4 Logical qubit layer operation rules

Operations

Initialization
to ‘ 0L>

Measurement

Pauli gates

Clifford gates

Non-Clifford
gates

Execution steps

—

N =

—

—

N

. Initialize target logical qubit to | O ).
. Initialize target physical qubits to | 0).
. Set logical Pauli frame of target logical

qubit to .

. Set physical Pauli frame of target physical

qubits to I.

. Measure target physical qubit.
. Correct measurement result based on

physical Pauli frame.

. Translate physical Pauli frame to logical

Pauli frame

. Correct result based on logical Pauli frame

. Map logical Pauli frame of target logical

qubit.

. Map logical Pauli frame of target logical

qubit.

. Apply Clifford gate on target logical qubit.

. Flush Pauli frame of target logical qubit.
. Apply non-Clifford gate on target logical

qubit.

In our Pauli frame tracking architecture separated
into two layers, the physical-level Pauli frame structure

performs only error correction of physical qubits accord-
ing to the decoding process after the ESM.

Figure 7 shows the schematic execution procedure
and functions of the Physical Qubit Layer, with the fol-
lowing detailed flow description:

« The QEC Cycle Generator generates ESM commands
scheduled by the Logical Qubit Executor. The results
from the execution of the ESM command are used as
input to the QEC Decoder, which performs the error
decoding process.

« The QEC Decoder detects the error using error syn-
dromes measured as many times as the code distance.
It also generates physical-level Pauli operations that
signal an error correction if necessary.

« The Physical Qubit Executor decomposes the OPBODY
of the logical operation into physical operations. It also
schedules the physical operations for all physical
qubits constituting the logical qubit.

« The Physical Pauli Arbiter executes physical operations
for each physical qubit according to the rules in
Table 5.

« The Physical Pauli Frame Unit stores Pauli operations
according to the existing Pauli frame technique. When
the measurement of a physical qubit is requested, this
unit compensates the obtained measurement result
with Pauli tracking data and returns it.
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TABLE 5 Physical qubit layer operation rules

Operations Execution steps
Initialization 1. Initialize target physical qubits to | 0).
to | 0) 2. Set physical Pauli frame of target physical
qubits to I.

Measurement 1. Measure target physical qubit.
2. Correct measurement result based on
physical Pauli frame
Pauli gates 1. Map physical Pauli frame of target physical
qubit.
Clifford gates 1. Map physical Pauli frame of target physical
qubit.
2. Apply Clifford gate on target physical qubit.
Non-Clifford 1. Flush Pauli frame of target physical qubit.

gates 2. Apply non-Clifford gate on target physical
qubit.

44 | Measurement operations
Compensating measurement operation results with
physical- and logical-level Pauli frames makes the logical
measurement operation results correct. As shown in
Figure 8, a correct logical measurement result is obtained
through the three following steps.

Stepl. Physical qubit measurement: The measurement
result of a physical qubit is corrected using the
physical-level Pauli frame of the corresponding
qubit. The fixed value becomes the final result of
the physical measurement in the Physical Qubit
Layer.

Logical measurement conversion: Because a logi-
cal operator is composed of multiple physical

Step2.

Schematic diagram of the operation processing flow of the Physical Qubit Layer

operators, combining physical qubit measurement
data and converting them into a single logical
qubit measurement value is necessary.

Logical value compensation: The final corrected
logical measurement value is obtained by comb-
ing the previous converted logical qubit measure-
ment value with Pauli frame data.

Step3.

For example, Surface Code-17 can determine the mea-
surement value of a logical qubit through the steps above
after measuring the nine physical data qubits constituting
a logical qubit.

5 | PERFORMANCE ANALYSIS

In this section, we analyze quantitative performance and
experimental results to verify the efficiency of our multi-
layered Pauli tracking architecture.

The efficiency of the proposed architecture depends
on the internal structure of logical operations making
up logical operators. For example, a typical lattice sur-
gery technique consists of Joint-Measurement, logical
qubit measurement, and Pauli operations for logical
operation correction. Because the logical-level Pauli
frame unit can eliminate internal Pauli operations in a
logical operator, the efficiency of the proposed architec-
ture is determined by the ratio of physical operations
constituting logical Pauli operations to the total physical
operations. Because the results of the Joint-Measure-
ment/Measurement operations determine the actual
execution of a Pauli operator, the efficiency of the pro-
posed architecture on a logical operator can also be
determined according to the reduction rate, as presented
in Table 6.
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FIGURE 8 The process of obtaining the correction
measurement result of logical qubit, starting from the measurement
results of many physical qubits

The performance of the logical-level Pauli frame
architecture significantly depends on the ratio and order
of the operators composing the circuit and the random
measured value of the Joint-Measurement operation.
Therefore, we compared the proposed Pauli tracking
architecture’s performance considering the characteris-
tics of the target systems. Overall, we divided the compar-
ison system into three categories: a system applying only
physical-level Pauli frames to physical Pauli operators, a
system applying logical-level Pauli frames to logical Pauli
operators, and our system, which applies logical-level
Pauli frames to both logical Pauli and Clifford operators.
All three system categories were benchmarked for the
same quantum circuit, and the number of actual physical
operators executed for each system was compared.

The proposed architecture’s performance is deter-
mined on the basis of the qubit error rate since a
physical-level Pauli frame is applied, as in previous stud-
ies [16, 17, 26, 29, 30]. Therefore, we do not include an
efficiency analysis in the Physical Qubit Layer but only
compare the number of physical operations generated for
the logical circuit of the Logical Qubit Layer.

As described above, the architecture performance of
the Pauli frame is significantly affected by the composi-
tion ratio of operations constituting the quantum
circuit. Therefore, analyzing the composition ratio of
quantum operators in many quantum circuits is
required to evaluate the accurate architecture perfor-
mance in comparison targets. After studying the bench-
mark circuit of ScaffCC [31] in Riesebos and others
[25], we obtained the result confirming the composition
ratio of gates constituting each circuit. The analysis
results in [25] revealed that approximately 6% of the
entire circuit is occupied by the Pauli gate, 20%-50% by
the non-Clifford gate, and the rest by the Clifford gate.
Based on the above ratio, the gate composition ratio of

the benchmarking quantum circuit was calculated for
efficiency analysis of the proposed Pauli tracking archi-
tecture, as follows:

« Pauli gate: 6%
« Clifford gate: 54%
« Non-Clifford gate: 40%

We implemented a performance analysis program to gen-
erate random circuits according to a defined ratio
through the IBM Qiskit library [32]. Then, the average
values of the execution results of each system were com-
pared. The test procedure for benchmarking was the
same as TEST PROCEDURE 1.

TEST PROCEDURE 1
Dinx: the number of max circuit depth
Input CL: set of Categories {Ci, (2, C3}
QO set of logical qubits {Qy, ..., On}
Output R, results of execution by the categories Cr
Circuit depth D; < 1
while D; < Diexdo
Dr< generate arbitrary circuit with depth D;
while Dr+ < do
Gi < pop a gate that is first in circuit Dr

Al o> O

R;+= calculate the number of physical operations
6: after applying the Category C:; to the logical
operation G; of qubit O;
R>+= calculate the number of physical operations
7 after applying the Category C: to the logical
operation G; of qubit O:
R;+= calculate the number of physical operations
8: after applying the Category C; to the logical
operation G; of qubit O:
9: Di=D;+1
C;: System category with physical-level Pauli frames
Cy: System category with logical-level Pauli frames for logical Pauli operators
Cj: System category with logical-level Pauli frames for both logical Pauli operators and
Clifford operators (Our architecture)

Figure 9 shows the performance comparison results
obtained from the system benchmarking. As shown in
the figure, if the circuit has few Pauli operators and sig-
nificant non-Clifford operators, the probability of
encountering Pauli operators before executing non-
Clifford operators is very low. The efficiency improve-
ment caused by the Pauli frame architecture was less
than 1%. However, we confirmed that physical gates gen-
erated in category 3 were approximately 5% fewer than
those generated in category 1 or 2.

In general, reducing the number of physical opera-
tions using logical-level Pauli frames is critical for the
efficient implementation of fault-tolerant quantum com-
puting. As described in the performance comparison
experiment, the difference in physical operators between
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Operations Reduced operations Reduction rate
I, X1, 7, Yy, All Pauli operations are mapped to logical Pauli frames. NN(gTU’Ii)“ % 100
g ola
H;, The ratio is determined by the Joint-Measurement results (a, b) Ng(P8)+N, (P)
Ny (Total) < 100
8
CNOTy, The ratio is determined by the Joint-Measurement results (a, b, c) Ny (Pie)+N, (P?) % 100
Ng(Total)
Magic State Distillation The Pauli operation generated inside Multitarget CNOTy, and Hy is stored 0
in the Pauli frame, but the total number of operations does not change
as all operations are applied before measurement. However, as the actual
operation is not executed in the physical layer, resource efficiency is improved.
SL The ratio is determined by the Joint-Measurement results (a, b, ¢, d) Ny (Petbrerd)
Ny (Torn)~ < 100
g
Ty The ratio of the logical Pauli-Z operation is determined by the Joint-Measurement If dr + bris even,
result (ar, cr), and the execution of the S operation is determined by another Ng(P[T™T) %100
Ng(Total)

measurement value (br, dr). Therefore, the efficiency of Pauli frames is
determined according to the values of the measured values.

If dr + by is odd,

Ng(P‘,"b’“’““T‘”T
i

N (Total) %100

Note: N,: Number of physical operations that perform internal Pauli operations. P;c {Ir, X1, Z1, Y1}: Internal Pauli operations. a, b, ¢, d, ar, by, cr, dy € {0,1}:
Joint-Measurement results. Total: Number of physical operations that perform logical operation.
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FIGURE 9 Performance analysis through comparison of
benchmarking results of qubit circuits

our proposed Pauli frame architecture and the existing
one was within 5%. However, as the size of the surface
code, where a logical operator comprises a combination
of many physical operations, equals the code distance,
the effect of reducing the number of logical operators in
the real system is generally tremendous. The surface code
can reduce the error rate by increasing its code distance.
However, the number of physical gates to be executed
increases exponentially with increasing code distance. If

- 800
(=3
S —eDistance-3 7
; 700
Distance-5 2602291 ops

. 600 Distance-7
2
é‘: Distance-9
g 500 —e-Distance-11 /T
£
8. 400
=]
o
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]
=
Z 200
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0
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Circuit depth

FIGURE 10 Difference in the number of generated physical
operations according to the surface code distance

we increase the code distance of the identical circuit from
3 to 11, the effectiveness of the logical-level Pauli frames
significantly increases. Figure 10 shows the difference in
the number of physical operations generated by the pro-
posed logical-level Pauli frame architecture as the code
distance of the benchmark circuit increases. As the code
distance of the surface code gradually increases, the
reduction effect of physical operators using logical-level
Pauli frames becomes more significant.
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6 | CONCLUSIONS

The quantum software layer encodes multiple physical
qubits into one logical qubit and provides fault tolerance
for errors in the physical qubits through this encoding
process. As the code distance constituting logical qubits
increases, the operation of physical qubits constituting
logical qubits increases exponentially. To provide efficient
logical qubits, a method for minimizing physical opera-
tions in actual quantum hardware must be presented.

Analyzing the operation characteristics of logical oper-
ators in the lattice surgery, we proposed a multilayered
Pauli tracking architecture that effectively processes logi-
cal operators using the Pauli frame technique in logical
qubits based on the lattice surgery method. Our architec-
ture consists of rules for processing internal Pauli opera-
tions included in logical operators as a Pauli frame and a
processing structure divided into two layers. The advan-
tage of this study is that it can reduce the amount of infor-
mation that needs to be processed in software and reduce
physical qubit operations through a processing structure
separated into logical-physical layers. The two simula-
tions in Section 5 showed that the number of physical
operations was reduced by approximately 5% compared
with the existing Pauli frame methods, and the impor-
tance of the logical Pauli frames was confirmed through
an experiment to increase the code distance for the same
circuit. Because the code distances constituting logical
qubits will increase in fault-tolerant quantum computing,
our comparison results indicate that our proposal can be
effectively applied in future quantum computing.

However, our study has the following limitations. Our
method is limited to lattice surgery operations on rotated
surface codes. In addition, it does not include all opera-
tion methods of lattice surgery and is described based on
a typical quantum circuit of a general-purpose operator.
Therefore, implementations and detailed methods of
other methods may differ, and the performance analysis
results may vary accordingly. Our architecture and data
flow are focused only on how Pauli frames are processed
and therefore do not include all components and data
flows of the quantum control layer. To provide large-
scale, fault-tolerant quantum computing, it is necessary
to integrate data flow and interworking methods with
multiple components that are not included in the archi-
tecture, and a study on effective Pauli frame processing
method for the latest lattice surgery-based surface code
should be performed.
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APPENDIX A: RULES FOR APPLYING LOGICAL-
LEVEL PAULI FRAMES

We will further describe general-purpose gates for proces-
sing quantum circuits using logical qubits.

Al | Logical move

Logical MOVE operation, the simplest form of the lat-
tice surgery technique, includes Joint-Measurement
implemented as Merge/Split, as shown in Figure Al,
measurement of logical qubits, and Z- or X-POST opera-
tions for correcting the logical operator using measured
values. According to the OPBODY measurement value,
the POSTP operation can be processed using rules in
Table Al.

A.2 | Logical H gate

As shown in Figure A2, in logical H operation, Myy oper-
ation of MOVEL, operation is changed to M_zx, and the
same operations as the MOVE(, operation are executed in
the POSTP part. Table A2 shows the execution rules of
the logical-level Pauli frames.

A.3 | Logical Multitarget CNOT

Logical Multitarget CNOT in the lattice surgery technique
is implemented as the circuit in Figure A3. The single tar-
get of the two-qubit CNOTY, is extended to multiple tar-
gets, and Merge/Split is executed on the targets, forming
an entanglement. It is a structure controlled through the
M of the control. Table A3 shows the execution rules of
the logical-level Pauli frames for the multitarget CNOTY.

A.4 | Magic State Distillation

There are various lattice surgery-based methods for
Magic State Distillation [33]. Figure A4 represents a rep-
resentative 15:1 Magic State Distillation circuit. For 15
logical qubits, | Y, ) and | A, ) states required by Sy and Ty

P cne oy
Y B ; My, ; = [¥L)
i Myx |
[OL) H J Z& 1 xp 'i_PnW)L)
_____ prvs —
(A)

gates are inputs, respectively, and the distillation process
is performed. The internal circuit is configured in an
entangled state through five logical CNOTs and four logi-
cal H gates.

The circuit is repeatedly executed until the desired
result is obtained according to the measurement result.
As shown in Figure A4, logical-level Pauli frames can
delay POSTP in all logical operations until measure-
ment; the distillation step, which accounts for a very
high proportion among the components of quantum
circuits, can be efficiently processed through POSTP
delay.

A.5 | Logical S gate

The logical S gate, a Clifford gate, is implemented
through the CNOTY, operation, and the POSTP for the |
YL) state is created through state injection and Magic
State Distillation, as shown in Figure A5. The CNOT}, in
the Sy gate can be reconstructed by decomposing Pauli
operations, as shown in Figure A5B. Table A5 shows the
execution rules for logical-level Pauli frames for the
Sy gate.

A.6 | Logical T gate

Figure A6 depicts the structure of the logical T gate: a
non-Clifford operation. Owing to the relationship
between Pauli frames and non-Clifford operations,
logical-level Pauli frames must physically perform all
operations of a Pauli frame before the T}, gate operation.
A Tp gate operation based on lattice surgery includes
POSTP, where the execution of the Sy gate is internally
determined according to the measured value of the

TABLE A1 Rules for performing Pauli frames for MOVE;,

Din Aout
XL XX PZ ) =X 2 )
Zy, ZLXLbZLa| WL)

..............................

22 H xt F P w0
}W_O_V_e;_ h _I_’;L_lli frame
(B)

FIGURE A1 How to handle Pauli frames for lattice surgery-based MOVE operation
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FIGURE A2 How to handle Pauli frames for lattice surgery-based H operation

TABLE A2 Rules for performing Pauli frames for Hj,

Din Aout
X 2 X2 )
Z XX P2 ) =X 2 )

]
]
i
| i
] ]
[OL) i [0}
] ]
i i
Target 1—] P, [ o biild ; = Target | —i— o xp _ﬂ_
S i 1= i
) 1
Target2— B, [ Xf S Target 2 —!— Xf ——m—E—
i i |
] ] |
Target 3= B, [ XP —i— Target 3 —i— XP ——m—r
\ ’ \ ]
Multi—target CNOT}, Multi—target CNOT}, Pauli frame !
(A) (B)
FIGURE A3 How to handle Pauli frames for lattice surgery-based multi-target CNOT operation
TABLE A3 Rules for performing Pauli frames for multitarget CNOT,
Cin Tlin Tzin T3in cout Tlout Tzout T30ut
XL I I, I, Xzt y) XXl ly) =X ) XoXallyn) =Xy XXl ) =X )
L X X XL LZ" " y) XXy =X ) XXy =X ) XXl w) =X )
Zu o L L ZZ4STNw) =ZC T ) 1y LX) 1L y)
L Z Zy, ZL 2z Ny =20 y) ZXcl ) Zi X" ) ZX:" )

Mxx/Mz; operation, as shown in Figure A6. If the exe-
cution of the Sy gate is not selected according to the
value of dr + by, Z;%™ is executed. However, if the
execution of the Sp gate is selected, as shown in
Figure A6B-1, POSTP Z;* " before the S gate is not

executed immediately. POSTP Z; """ before the Sp
gate can comprise a Pauli frame through Clifford
gate operations and can therefore be combined with
the Pauli operations in the S; gate, as shown in
Figure A6B-2.
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FIGURE A5 How to handle Pauli frames for lattice surgery-based S operation

TABLE A5 Rules for performing Pauli frames for Sy,

Din Dout
XL YLZLd+bZLa +C| WL):YLZLG+C+d+b‘l//L)
ZL ZLZLd+bZLa+C| l//L):ZL(a+c+d+b)+1‘l//L)
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